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Abstract. Most image denoising problems focus on additive white Gaussian noise. In real-world imaging
scenarios such as ultrasound, synthetic aperture radar, and optical-coherence tomography, the noise
is multiplicative. Multiplicative noise has an extreme degradation effect compared to additive noise
of the same variance. Further, in a practical imaging setting, one does not have access to the ground-
truth clean images to train a deep neural network in a supervised fashion for image denoising. In this
paper, we propose an unsupervised image denoising method for multiplicative noise. Specifically, we
consider lognormal noise and develop an unbiased risk estimator of the mean-square error (MSE).
We show that the resulting lognormal noise unbiased risk estimate, which we abbreviate as LURE,
is an accurate estimator of the Oracle MSE. Computation of LURE involves the weighted trace
of the Jacobian, which we estimate using a stochastic/Monte Carlo approximation method that
is not only fast but also results in an accurate estimate of the MSE. The framework is flexible
enough to accommodate a wide spectrum of denoisers—from wavelet denoising techniques to state-
of-the-art deep learning techniques, subject to certain smoothness conditions on the denoiser. We
deploy modern deep learning models such as U-Net, dilated-residual U-Net (DRUNet), and gradient
step denoiser with DRUNet (GS-DRUNet) to establish the reliability of LURE. The performance
measures used are peak signal-to-noise ratio (PSNR) and structural similarity index metric (SSIM).
We show that minimizing Monte Carlo LURE in an unsupervised setting gives results that are on
par with and sometimes even better than those obtained using the Oracle MSE loss in the supervised
setting. We also provide comparisons with unsupervised despeckling techniques such as SAR2SAR,
SAR-CNN, and Speckle2Void on real-world noisy images.
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1. Introduction. In practical applications, it is often challenging to capture high-quality
images due to background noise picked up by the acquisition device. Whether in medical
diagnostics such as optical-coherence tomography (OCT) or in surveillance applications such
as remote sensing, noise is ubiquitous, inherent to measurement, and poses a formidable chal-
lenge for downstream image processing and classification tasks. At its core, image denoising
alms to restore clarity and quality of the acquired images, bridging the gap between the
measurements and the ground truth. The noise profiles can be diverse—from additive to
multiplicative, with a distribution ranging from Gaussian in the additive case, to more com-
plicated distributions such as the lognormal or gamma distribution in the multiplicative case.
Images acquired through coherent imaging techniques such as synthetic aperture radar (SAR)
[1, 16, 17, 18], ultrasound imaging [35], laser imaging [36], and OCT [30] are often corrupted
by noise that multiplies, rather than adds to, the signal, which is the underlying reflectance
function. This type of noise is also referred to as “speckle,” and therefore the corresponding
denoising process is also referred to as “despeckling” in the literature. Multiplicative noise
has a far more deteriorating effect on image quality than additive noise of the same variance,
which makes the despeckling/denoising problem challenging. In stellar speckle interferometry,
lognormal statistics have been shown to provide a better fit for wavefront perturbations than
Gaussian models [2]. Local speckle contrast in laser-based imaging has been modeled as a
lognormal variable, influenced by acquisition conditions and neighborhood size [14]. Beyond
imaging, RT-PCR testing exhibits multiplicative lognormal noise, impacting sparse recovery
methods like LASSO [12]. Given its relevance in some real-world applications, effective de-
noising techniques are essential for improving signal reconstruction and inference in the case
of multiplicative lognormal noise.

Machine learning techniques for image denoising broadly fall into two categories—
unsupervised and supervised methodologies, each presenting certain advantages and unique
challenges. Supervised learning techniques typically perform better than their unsupervised
counterparts, but require the ground-truth clean image, which may not always be available in
practice. A review of deep learning techniques for image denoising can be found in [15, 19, 32].
Convolutional neural networks (CNNs) have been employed for despeckling by estimating the
speckle from noisy images [5, 33]. Recent advancements in self-supervised learning methods
for SAR image despeckling include techniques like the blind-spot CNNs and the self-supervised
MERLIN approach [9]. These methods leverage noisy images alone for training, thus avoiding
the need for clean reference images and achieving a performance comparable to supervised
methods [9, 10, 25]. In the context of SAR image reconstruction, a Gibbs-sampling-based
approach has been developed for speckle reduction and uncertainty quantification from phase
history data [7]. Recent OCT image despeckling methods have employed CNNs and trans-
formers for combining both local and global feature extraction [39]. These techniques do not
come with any guarantees on the denoising performance.

In this paper, we address the problem of multiplicative noise suppression within an un-
supervised learning framework without requiring access to the ground-truth images, with a
performance that is competitive with the oracle case where ground-truth images are available.

1.1. Notation. R™ denotes the vector space of m-dimensional column vectors with real
entries. Scalar random variables are denoted using uppercase letters (e.g., X). Random
vectors are denoted using uppercase letters in boldface (e.g., X). The vector Y € R™ has

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/23/26 to 140.112.41.219 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

2582 BAKSHI, VENKAT, BISEN, SEELAMANTULA, AND BLU

entries denoted by Y = [Y1,Y5,...,Y;,]T. Matrices are denoted in uppercase, in italics, and in
boldface (e.g., the Jacobian matrix is denoted by J). Images are considered as column vectors
obtained from 2-D arrays by vectorization, which is sometimes also referred to as rasterization
or flattening in the literature. A random variable NV following the lognormal distribution with
parameters p and o2 is denoted by N ~ LN (1, 0?). The denoiser, denoted by f: R™ — R™, is
given by £(Y) = [f1(Y), f2(Y),..., fm(Y)]", which indicates that every pixel of the denoised
output depends on the entire noisy image Y. The expectation operator is denoted by [E with
a subscript denoting the random variable with respect to which the expectation is evaluated.
For instance, E denotes expectation with respect to the random variable V.

1.2. Multiplicative noise model. Consider an m-dimensional image X € R™, corrupted
by noise N € R™, resulting in the output Y € R™, where the three quantities are related as

(1.1) Y=XOoN,

where ® denotes elementwise multiplication. The elements of the noise vector N are assumed
to be independent and identically distributed (i.i.d.) and following the lognormal distribution
LN (p,0?) defined as

1 Inn — pu)?
exp (_W> n>0,
(1.2) pN(n) =< nov2r 20

0, n <0.

Unlike the frequently considered additive noise model, which is usually assumed to be station-
ary, the multiplicative counterpart is not stationary. This can be verified by considering the
first-order and second-order statistics of the entries of Y. Let Y;, X;, and NN; denote the ith
entries of Y, X, and N, respectively. Then, from (1.1), ¥; = X; N;, and considering that {N;}
are i.i.d., the statistics of Y; vary with the pixel index i because of the dependence on X;, and
hence the multiplicative noise model is not stationary and consequently more challenging.

The distribution of the lognormal multiplicative noise is specified by two parameters: u
and o2. We argue that the parameter y is inconsequential to the denoising process and that
only o2 is relevant. The irrelevance of y can be established by considering the noisy image
observation model Y = X ®N, which is indistinguishable from the model Y = e# X ®N, where
the image X is rescaled by the scalar e* and the entries of N follow a lognormal distribution
with parameters 0 and o2. For image restoration or denoising problems, image recovery up
to a global constant scale factor is acceptable. Also, for the purpose of displaying images,
grayscale intensities are normalized to the range [0,255], which also takes care of the scale
factor. Henceforth, without loss of generality, we assume that p=0.

The objective is to process Y through a denoising operator f : R"™ — R"™ such that the
mean-square error (MSE) between the estimate X = f(Y) and the ground- truth X, defined
as follows, is minimized, i.e.,

(1.3) min Ex {||X — £(Y)|*},

where En denotes expectation with respect to the noise vector N. The denoiser could be a
simple linear filter or a sophisticated state-of-the-art deep neural network.
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Minimizing the MSE also has the direct consequence of maximizing the peak signal-to-
noise ratio (PSNR), which is the objective performance metric in image denoising applications,

defined as follows:
2552
(1.4) PSNR =10log;y | ——=——= ] dB

X = X2
The other performance metric that is used for subjective quality assessment is the structural
similarity index metric (SSIM) [34].
Developing the squares in the expression for the MSE, we get

En {IIX — £(Y) [} = En{IX|* + [£(Y)]* — 2X " £(Y)}
(1.5) = [IX|1* + En{I£(Y)]*} - 2En{X"£(Y)}.

In practice, one has access only to the noisy image Y, and therefore exact computation
of the MSE is not possible, and hence it must be estimated. The first term [|X||> does
not affect the minimization in (1.3) with respect to the denoising function f. The second
term Exn{|/f(Y)||?} depends only on the noisy observation Y and the denoising function
f, and therefore it can be estimated in an unbiased fashion by computing ||f(Y)||*>. The
critical hurdle in proceeding further is the cross-term En{X " f(Y)}, which cannot be directly
computed because the ground-truth X is not available. However, it may be possible to find
another function g(Y) such that Ex{Xf(Y)} = En{g(Y)}. This is the principle behind an
unbiased risk estimator (URE). The problem has been solved by developing Stein’s unbiased
risk estimator (SURE) in the additive Gaussian noise case [4] encountered in imaging in the
presence of thermal and electronic noise; Poisson URE (PURE) in the case of Poisson noise
encountered in low-light imaging using photon-counting devices [27]; and chi-square URE
(CURE) in the case of chi-square noise encountered in magnetic resonance imaging (MRI)
[37], etc. While SURE, PURE, and CURE have originally been employed in a wavelet-based
denoising framework, recently, CNNs have also been trained in an unsupervised fashion using
SURE as a surrogate to the Oracle MSE [24].

In this paper, we seek to develop a lognormal unbiased risk estimator (LURE) and employ
it in an unsupervised setting to denoise multiplicative noise images.

1.3. Motivation for LURE. Since the noise is multiplicative lognormal, a plausible ap-
proach is to convert it to additive noise by considering the logarithm of the noisy image,
denoise the image using an off-the-shelf additive Gaussian noise suppression technique, and
then exponentiate the result to obtain the denoised image. We show that such an approach
yields suboptimal denoising performance. Table 1 shows the performance comparison of a U-
Net trained to suppress additive Gaussian noise and the results obtained using U-Net trained

Table 1
Multiplicative image denoising performance by converting it to additive noise: Comparison of PSNR (dB)
and SSIM (average values £ standard deviation) obtained using the U-Net by minimizing the Oracle MSE
(additive noise model) and MC-LURE loss on the test set from the AFHQ dataset.

o Input MC-LURE Oracle MSE
PSNR SSIM PSNR SSIM PSNR SSIM
0.3 9.734+2.14 | 0.2744+0.07 | 21.53+2.82 | 0.638+0.072 | 13.4+2.55 | 0.419+0.082
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Ground truth Noisy image
(from AFHQ dataset) (7.34 dB, 0.221)

U-Net trained with MC-LURE U-Net trained for additive noise
(22.47 dB, 0.647) (12.09 dB, 0.333)

Figure 1. A comparison of the denoising performance of U-Net trained with MC-LURE and U-Net trained
with MSE for denoising images in additive Gaussian noise. In the latter case, log-transformed noisy images
are denoised and the result is exponentiated. The numbers show (PSNR in dB, SSIM).

with the Monte Carlo LURE (MC-LURE) developed in this paper (section 3) as the loss on
the entire AFHQ dataset. The results show that MC-LURE produces significantly better re-
sults, with a PSNR improvement of 8 dB and SSIM improvement of 0.2 compared to additive
noise suppression by considering a combination of logarithmic and exponential transforma-
tions. Figure 1 shows a subjective comparison of the denoising performance in both cases.
Both objective and subjective results suggest that it is advisable to redesign and optimize the
denoisers for the multiplicative noise scenario instead of converting the noise to additive and
using an off-the-shelf additive noise suppression technique.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/23/26 to 140.112.41.219 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

UNSUPERVISED DENOISING IN MULTIPLICATIVE NOISE 2585

1.4. Contributions. The key objective in this paper is to develop an unsupervised learn-
ing framework for denoising images corrupted with multiplicative lognormal distributed noise.
The ideal objective function to be optimized for maximizing the PSNR is the MSE. However,
computing the MSE is impractical in scenarios where the ground truth is not available, which
is precisely the scenario considered in this paper. To circumvent this problem, we derive the
lognormal unbiased risk estimator (LURE), which can be computed solely based on the ob-
servations. We show that LURE closely follows the MSE. Consequently, optimizing LURE is
a viable practical alternative to optimizing the MSE. LURE requires knowledge of the o2 pa-
rameter of the lognormal density, for which we propose a robust median-based estimator. Our
derivations show that LURE requires access to the Jacobian of the denoiser, more precisely
the weighted trace of the Jacobian, which must be computed as many times as the number
of pixels in the image for every update of the parameters of the denoiser. This requires huge
computation rendering the scheme impractical. We provide a stochastic alternative based on
Monte Carlo sampling for estimating the weighted trace of the Jacobian. The Monte Carlo
version of LURE, referred to as MC-LURE, is vastly superior to direct computation of LURE
in the sense that it is practical and requires far fewer computations. For denoising, we consider
several state-of-the-art denoising neural networks and optimize/train them using LURE as the
loss function. Performance comparisons show that MC-LURE is on par with or even better
than Oracle MSE at several noise levels, indicating its superior generalization capabilities.
Effectively, the proposed unsupervised learning framework is a robust and accurate substi-
tute to its supervised counterpart. Comparisons with state-of-the-art unsupervised denoising
methods show that MC-LURE gives superior performance in a majority of the cases.

1.5. Qutline of the paper. Section 2 contains the derivation of LURE for the scalar
and multivariate cases. Section 3 presents a computationally efficient strategy for LURE
by means of Monte Carlo estimates of the weighted trace of the Jacobian of the denoiser.
Further, we also present a robust approach for estimating the lognormal noise parameter o.
Section 4 presents details of the neural network training and results of experimental validation.
Section 5 concludes the paper.

2. Lognormal unbiased risk estimator (LURE). We first present the development of
LURE in the scalar case, which is instructive and insightful, and then proceed with the
development of LURE in the multivariate case.

Theorem 2.1 (scalar LURE). Let Y = XN, where X is unknown, and let N be a random
variable following the lognormal distribution LN (0,02). Then

(2.1) LURE(f) L e 27" Y2 4+ f(YV)2 — 2Y M (Y),
where the operator M s defined as follows:

(2.2) MEY)=e"% f(eY)

is an unbiased estimator of the MSE, i.e., EN{LURE(f)} = En{(X — f(Y))?}, for any f with
finite first- and second-order statistics.
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Proof. Developing the squares in the expression for MSE gives

En{(X - f(Y))"} =Ex{X*} + En{f(Y)*} - 2En{X f(Y)}.

The lognormal distribution defined in (1.2) has mean Ex{N} = eé, second moment Ey
{N?} =€2° and variance Var{N} = e?*[¢?” —1]. Hence, Ex{Y?} = Eny{X2N?} = X2 =¢ 2"
Ex{Y?2}.
The cross-term can be shown to be
2 oo 5
Ex{Xf(V)} / X () pu(mydn=e"5 [ X f(Xn)npy(ne”)dn,
0+

by virtue of the property py(n)=e ER npN(ne *). By a change of variables t =ne?", we get

(23 EN{XFO) =e5 [ Xt f(Xte™™) pu(t)dt = En (Y MF(Y)},

0+

where Mf(Y) is as defined in (2.2). Hence, it follows that
(2.4) En{(f(Y) = X)?} =Ex {27V2 4+ f()? —2¥ Mf(V)}.

Therefore, LURE(f) = Lo o—20ty2 4 F(Y)? —=2Y Mf(Y) is an unbiased estimate of the MSE. M

Theorem 2.2 (multivariate LURE). Let Y = X ® N, where X, Y,N € R™, ® denotes
elementwise multiplication, X is unknown, and the noise vector N has i.i.d. entries following
the lognormal distribution LN(0,02). Let f: R™ — R™ denote the denoiser. Then

def.

(2.5) LURE(F) S ¢~ 27°||Y|? + |£(Y)||> — 2Y " ME(Y)

is an unbiased estimator of the MSE, i.e., EN{LURE(f)} = En{||X — £(Y)||?} for any £ with
finite first- and second-order statistics. The operator MfE(Y) is defined as

(2.6) ME(Y) = [ME(Y), Mof(Y), ..., M (Y)] T, where
(2.7) MEY) =% fi(Yi,..,Yi1,e Y, Yigr, ..., Yin),

where, in turn, f; denotes the ith entry of f.

Proof. Expanding the MSE gives
En{l[X — £(¥)]%) = En { X + [£(¥) > - 2XT£(Y) }.

Consider the following expectation and its simplification:

m m m
En{|[Y|?} =En {ZXE Nf} = ZXZ-Q En, {N?} = ZXZ e =" | X2
=1 =1

=1
(2.8) = |X|? =2 Ex{|Y]?}.
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Next, consider the cross-term
def. =

En{X"f(Y)} =) En, No....n, {Xi fi(Y)}
i=1

(2.9) :Z/ / Xifi(Y)pn(ny,na,...,np)dnydng ...dng,,
i=1"™ n

m

where the integrals are over (0%, +00). Invoking the i.i.d. assumption on the N;s, this term
can be expressed as follows:

IEN{XTf(Y)}:f;/n / / / ﬁlpm(nﬁ
i1 /m ni1Jnipa Tom

J#i
m
(2.10) X </ Xi fz(Yi, ey Yifl,XZ'ni,Y;+1, e ,Ym)pNi (nz) dnl> Hdnj.
ha J#

o2
By virtue of the property py,(n;) =e 3 npy,(nie ), the integral T can be expressed as
502 [0 >
(2.11) I=e-: Xi fi(Y1, ..., Yio1, Xini, Yigr, -, Yo )n pw, (nie? ) dn;.
0o+

Substituting ¢; = n;e’" in the above integral gives

2 +0o0o 5
(212) T=e =2 Xitz‘fi<Y1,...,Y;‘_1,€_J Xiti;}/;+1;-naym)pNi(ti)dti-
o+

Substituting the expression for Z in (2.10), we get

EN{XTﬂY)}:f; [of [ ] ﬁpmnj)
i1 /m ni1Jnip Ton

J#i
o2 oo 2 -
xe 2z { Xitifi(Y1,...,Yic1,e77 Xitiaerl,---aYm)pNi(ti)dti} Hd”j
0+ .
J=1
J#i

o= 42
= € 2 / Xinifi(yla"w}/tiflae 7 }/ian+1a"'7ym)i
] 1 Tm
X pN(n1y .y iy My ) dng Lo dnyg L digy,

where t;, which is a dummy variable of integration, has been replaced with n;. Effectively, we
have

m

(2.13) Ex{Xf(Y)} = En {Yie_%fi(Yl, Y, e Y Y, Ym)} :
=1

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/23/26 to 140.112.41.219 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

2588 BAKSHI, VENKAT, BISEN, SEELAMANTULA, AND BLU

Following the definitions of M and M; in (2.6) and (2.7), respectively, we can express
(2.14) Ex {XTf(Y)} =Y En {Y; Mif(Y)} =En {YTMf(Y)} :
i=1

Using (2.8) and (2.14), we can express the MSE as follows:

(2.15) En {IX — £(Y)|*} =En{e ™ [[Y|]* + [£(Y)|]* - 2Y TME(Y)}.
Therefore, LURE(F) el o-20? Y12+ [|f(Y)]|? — 2Y TMF(Y) is an unbiased estimate of the
MSE. This completes the proof. |

The usefulness of LURE stems from the fact that it depends on the observed noisy image
Y and the processed image f(Y). Consider a denoiser function/network f parameterized by
©. LURE enables optimization of the parameters in an unsupervised setting as follows:

(2.16) O = argngnLURE(f)

by considering only observed noisy images. This is an advantage, as in practice, noisy images
are available, and it is not always possible to obtain the corresponding clean images. The
noise parameter o2 can be estimated from the noisy image (as shown in section 3.2).

3. Monte Carlo LURE—a computationally efficient strategy. The denoiser f maps a
noisy image to an estimate of the clean image. The expression for M;f(Y) in (2.7) shows
that the value of M;f(Y) is effectively the output of the denoiser f corresponding to the
input where the ith pixel is scaled by e~ . Therefore, computing Mf(Y) in (2.6) requires
rescaling a pixel by e™? * and then computing the denoiser output, and this operation must
be carried out for every pixel in the input noisy image in succession, which adds up to a huge
amount of computation. For instance, if an image has 512 x 512 pixels, calculating LURE
requires computing the denoiser output 2'® times, and that would be the case for one choice
of the denoiser parameters. Since our objective is to use LURE to determine the optimal
denoiser parameters, and a typical denoiser network such as the U-Net [20] has a few million
parameters, direct deployment of LURE in its current form is not practically viable.

To surmount the computational hurdle, we develop an approximation to LURE by con-
sidering the series expansion of the exponential e=?° and a Taylor-series expansion of the
denoiser f, assuming that it is differentiable.

Consider the term

En{Y T ME(Y)} = Zm:EN {v 5 fi (Yoo Yot e ™Y Vit Yau) |
=1

and invoke the approximation e~ =1 — 2 4+ O(c?), which allows us to write

En{Y T MECY) o Y BN {Yie ™ £V, Vi (1= 0%)Yi Yir, V) |
=1
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The approximation modified the scaled variable Y;e~" to the additively perturbed variable
Y; — 0?Y;. Further, considering a differentiable f and approximating it using a Taylor-series
expansion gives

22

EN{YTMﬂY)}wZEN{new (fxyl,...,n,...,ym)—a
=1

Of;(Y1,...,Yi, ..., Y)
PAVS ) ) ) ’
. oY; >}

(3.1) —e % ZEN {Yi fi(Y) = oY [Te]y; )
i=1

where J¢ denotes the Jacobian of the denoising transformation f, and [J¢];; denotes its (4,7)th
entry. An approximation to LURE is obtained by substituting (3.1) into (2.15):

(3.2) LURE~ e 2 ||Y]]? + |£(Y)]]> - 2% (YTf(Y) — 02 Z Y2 [Jf]ii> .
=1

Comparing (3.2) with (2.15), we observe that the hurdle of having to compute LURE by
perturbing the input image as many times as there are pixels in the image is now overcome.
Instead, we are now required to compute the term > i Y?2[J¢]i;, which depends on the
Jacobian of the denoising function. Observing (3.2) closely, we see that what is needed is
not the Jacobian explicitly, but the weighted trace of the Jacobian where the weights are the
squares of the pixel intensities of the input noisy image. We show how this can be estimated
using a Monte Carlo approach, similar to the estimation of the trace of the Jacobian in the
additive Gaussian noise case [28].

3.1. Monte Carlo estimation of the weighted trace of the Jacobian.

Theorem 3.1. Letf:R™ — R™ be a differentiable function, and let J¢ denote its Jacobian.
Then the following result holds:

2 T
(3.3) ZYz [Jf]ii—;l_fg% Eg

vop T (f¥+e(YoB)) —f(Y -(YOB))
> {( ©B) ( >}

2e

where © denotes elementwise multiplication, and Y,B € R™, with B having i.i.d. entries
following the standard normal distribution N (0,1).

Proof. Effectively, the right-hand side of (3.3) corresponds to randomly perturbing f and
computing a central difference and taking the limit as the perturbations become vanishingly
small and the randomness is averaged out by the expectation operator.

The proof proceeds by considering the Taylor-series expansion for small &:

(3.4) f(Y +e(Y®B)) =£(Y) +eJ¢(Y)(Y ©B) + hot.,

where h.o.t. comprises the higher-order derivatives of f. A similar expansion holds for f(Y —
(Y ®B)). Considering both expansions, we can express the central difference as follows:

f(Y +£(Y OB)) — (Y — £(Y ©B)) =2eJ¢(Y)(Y ©B) + ho.t.,

where h.o.t. comprise higher-order terms weighted by odd powers of € only.
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Premultiplying both sides with (Y @ B)" gives
(YOB) (f(Y4+e(Y®B)) —f(Y —e(Y©B)))=2:(Y ©B) " J¢(Y)(Y ®B) + hoo.t.

Taking expectation over B on both sides gives

. {(Y@B)T <f(Y+5(Y®B))

2—€f(Y —e(Y® B))> }

(3.5) —Ep {(Y oB) I (Y)(Y ® B)} +hodt.,

where h.o.t. comprise the even powers of ¢.
Since the entries of B are i.i.d. and follow the standard normal distribution, the expecta-
tion on the right-hand side can be simplified as follows:

Ep {(Y oB) JH(Y)(Y® B)} —Egp {i Y202 [Jf]n} +heot.
=1

(3.6) Xm: ;i +hot.

In the limit, as € — 0 in (3.5), the h.o.t. vanish, leading us to the desired result in (3.3). M

The importance of this result lies in the fact that the weighted trace of the Jacobian of
f can be estimated using a Monte Carlo approach as follows, by replacing ensemble averages
with sample averages:

K
2 1 T f(Y—i—Ek(Y@BZ))—f(Y—Ek(YQBz»
(3.7) ZY [T, —ZZ(Y@BZ) < o )
where n random perturbations B;, where n < m, and K small values of ¢, € (0,1) are used
to perturb the input to the denoiser. The larger the values of n and K, the more accurate
the estimate will be. We found out experimentally that n =1 and K = 12 gave sufficiently
accurate estimates for practical denoising applications.

The choice of the central difference as opposed to the first-order forward or backward
difference is motivated by a key observation pertaining to Taylor-series approximations with
respect to the order of the residual. Whereas the forward/backward difference based Taylor-
series approximation contains h.o.t. of all orders, the central difference based approximation
contains h.o.t. of even orders only, which makes it more accurate than the forward/backward
difference based approximation.

We are now equipped with all the results required to propose a practically viable technique
for accurately estimating the MSE. This key result, referred to as Monte Carlo LURE (MC-
LURE) is presented next.

Theorem 3.2 (MC-LURE). Let Y = X ® N, where X, Y,N € R™, ® denotes pointwise
multiplication, X is unknown, and the noise vector N has i.i.d. entries following the lognormal
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distribution LN(0,02). Let f: R™ — R™ denote the denoiser. Then a Monte Carlo estimate
of the MSE is given by

MonteCarloLURE = 27 | Y || + || £(Y)|?

— 2% (YTf ZZY@B

y (f(Y +e(YO Bi>)2;:(Y (YO Bi”)) .

(3.8)

3.2. Estimation of the noise parameter. Computation of MC-LURE requires knowledge
of the o parameter of the lognormal distribution of noise, which must be estimated from the
noisy image. We provide a median-based estimator along the lines originally proposed in [13]
for Gaussian noise. We first provide the intuition behind the development of the estimator
and then refine it by considering median computations.

Taking the elementwise logarithm of the noisy image gives In(Y) = In(X) + In(IN). Con-
sidering the forward/backward finite difference gives Aln(Y) = Aln(X) + Aln(N), where A
denotes the finite-difference operator. We resort to the frequently made assumption that the
image X has a piecewise-constant structure, which is true of many natural images. Conse-
quently, we observe that Aln(X) contains impulses. On the other hand, the finite difference
of noise Aln(N) is Gaussian distributed with zero mean and variance 202. Thus, Aln(Y)
comprises spikes in Gaussian noise. The spikes can be suppressed by computing the median
of |[AIn(Y)|. Considering the definition of the median of the Gaussian distribution, we obtain
an estimator of o:

median{|AIn Y|}

3.9 &=
(3:9) V2 % 0.6745

The median estimator can be refined by considering a combination of processing along rows
and columns. For the purpose of derivation, we considered vectorized images, but in practice,
images are two-dimensional arrays, and therefore one could apply the finite-difference operator
along the rows (Ayoy), along the columns (Ag), or along the rows, followed by the columns
(AcolArow), and then compute an average of the median estimates as follows:

(medlan{\Arow n(Y)|} + median{|Aco1 In(Y)|} + median{|Aco1Arow In(Y )\})
3v/2 x 0.6745

(3.10) 6=

Table 2 shows estimates of o obtained by the above method compared against the ground-
truth value for four test images. For images where the piecewise-constant assumption holds,
the estimate of o is closer to the ground-truth value of o.

Table 3 shows the PSNR and SSIM values obtained by minimizing the Oracle MSE and
square of the MC-LURE loss for the three models over the entire AFHQ dataset. The im-
provements in PSNR and SSIM provided by the three models are significant over the input
PSNR and SSIM. Further, the PSNR and SSIM values obtained using MC-LURE are com-
petitive and even better than those obtained with the Oracle MSE: the average PSNR is
within about 1 dB, and the average SSIM is within 0.02 of the values corresponding to the
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Table 2
Accuracy of the averaged median estimator of the noise parameter o (3.10) for various ground-truth o
values (indicated in parentheses).

Image Estimated o Estimated o Estimated o Estimated o
(for 0 =0.2) (for 0 =0.4) (for o =0.6) (for 0 =0.8)
Checkerboard 0.202 0.406 0.607 0.808
Cameraman 0.207 0.406 0.604 0.802
Fields 0.202 0.403 0.601 0.800
House 0.201 0.402 0.601 0.800
Table 3

PSNR (dB) and SSIM wvalues (average + standard deviation) obtained by training U-Net, DRUNet, and
GS-DRUNet denoising models by minimizing the Oracle MSE and the square of the proposed MC-LURE loss
function. The parameters of the lognormal distribution are 1 =0 and 0 =0.3. The input PSNR and SSIM are
9.69 dB and 0.274, respectively. The values shown are obtained by validating over the entire AFHQ dataset.
We observe that the denoising models provide significant improvements over the input PSNR and SSIM. The
performance gains obtained by optimizing MC-LURE are competitive and in some cases even better than those
obtained using the Oracle MSE.

Oracle MSE MC-LURE
Denoising network PSNR (dB) SSIM PSNR (dB) SSIM
U-Net [20] 20.55+3.6 0.644+£0.081 | 201.53+2.82 | 0.638+£0.072
GS-DRUNet [21] 21.7642.99 | 0.605£0.128 | 21.46+£2.84 | 0.607+0.123
DRUNet [22] 19.62+£3.2 0.608+£0.116 | 21.56+3.04 | 0.631%0.111

Oracle MSE. The superior performance of MC-LURE can be attributed to better general-
izability, as it depends only on noisy observations, whereas the Oracle MSE with access to
the ground-truth clean images may be causing the network to overfit to noise seen during
training. This result testifies that the MC-LURE provides an accurate and a practically vi-
able unsupervised alternative for training large neural networks with millions of parameters
and yet give a competitive denoising performance that is comparable or even better than
the oracle setting. Among the three models, U-Net provides superior denoising performance
compared with DRUNet and GS-DRUNet. Figure 2 shows illustrative images output by the
U-Net, DRUNet, and GS-DRUNet models. The visual quality of the images output by U-Net
is better than that output by DRUNet and GS-DRUNet. For the subsequent experiments, we
use U-Net for denoising in view of its relatively superior denoising performance.

4. Optimizing neural network denoisers based on MC-LURE. For denoising, we consider
prominent neural network denoisers—U-Net [20], dilated residual U-Net (DRUNet) [22], and
gradient-step DRUNet (GS-DRUNet) [21]—and optimize them using MC-LURE. The number
of learnable parameters in these networks is very large—U-Net: 7.69 million; DRUNet: 32.63
million, and GS-DRUNet: 17.01 million. We consider two paradigms—the supervised frame-
work where the networks are trained using oracle knowledge of the ground-truth images and
the MSE as the loss function; and the unsupervised framework where the networks are trained
based on MC-LURE (3.8), without requiring access to the ground truth. Since MC-LURE
is an estimate of the MSE, in practice, it can even go negative sometimes, and therefore the
square of MC-LURE was found to be more appropriate for training denoising neural networks.
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£ § it AR
Ground truth Noisy image MC-LURE & U-Net
(from AFHQ dataset) (9.87 dB, 0.278) (25.83 dB, 0.669)

‘ !ﬁ‘ £+ 73 189 PR ST N
MC-LURE & GS-DRUNet MC-LURE & DRUNet Oracle MSE & U-Net
(19.85 dB, 0.611) (25.55 dB, 0.657) (26.71 dB, 0.683)

Figure 2. A comparison of the denoising performance (PSNR in dB, SSIM) of U-Net, DRUNet, and GS-
DRUNet optimized with MC-LURE loss. We observe that MC-LURE works best with U-Net.

The training was carried out on the AFHQ dataset [6], which consists of 16,130 high-
quality images at 512 x 512 resolution belonging to three different classes—Cat, Dog, and
Wild. Out of the total of 16,130 images, 14,630 were used for training and 1,500 for testing.
Noisy images were simulated by multiplying the clean images with lognormal distributed noise
for various values of o2. The generated noisy images were used for training different models
with the square of the MC-LURE loss given in (3.8). The Adam optimizer [23] was used
with a learning rate of 1079, the value of which, like in all neural network training tasks, was
experimentally determined. The batch size was 8 in the case of U-Net and 4 in the case of
DRUNet and GS-DRUNet, with a smaller batch size in the case of DRUNet and GS-DRUNet
given their large model sizes. The models were trained on NVIDIA RTX A6000 48 GB GPU.
The performance is reported in terms of PSNR and SSIM.

4.1. Experimental results. Table 4 compares the PSNR, and SSIM gains offered by MC-
LURE versus Oracle MSE for various input noise levels on the training set (14,630 images).
The denoising model is U-Net retrained for every input noise level for a range of noise levels.
During training, the model optimized with MC-LURE does not rely on ground-truth clean
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Table 4

minimizing the Oracle MSE and MC-LURE loss on the training set from the AFHQ dataset.

o Input MC-LURE Oracle MSE
PSNR (dB) SSIM PSNR (dB) SSIM PSNR (dB) SSIM
0.1 |17.9943.39 |0.648+0.103 | 24.4443.2 0.772+0.08 | 23.14+3.28 | 0.7874+0.079
0.2 |12.2442.49 |0.417+0.093 | 23.2843.06 | 0.7044+0.071 | 22.63£3.69 | 0.712+0.086
0.3 |9.69+2.12 0.2744+0.07 | 21.534+2.79 | 0.6384+0.072 | 20.61£3.57 | 0.644+0.082
0.4 8.3£1.95 0.184+0.05 | 20.05£2.79 | 0.539+0.073 | 19.764+3.19 | 0.535+0.082
0.5 |7.47+£1.85 |0.12740.038 | 20.2+2.45 0.503+0.07 | 20.58+2.86 | 0.59740.088
0.6 |6.95£1.79 0.0894+0.03 | 19.4942.36 | 0.4814+0.071 | 19.27£2.98 | 0.575+0.088
Table 5

Comparison of PSNR (dB) and SSIM (average values + standard deviation) obtained using the U-Net

model by minimizing the Oracle MSE and MC-LURE loss on the test set from the AFHQ dataset.

o Input MC-LURE Oracle MSE
PSNR (dB) SSIM PSNR (dB) SSIM PSNR (dB) SSIM

0.1 |18.11+3.49 0.65+0.10 24.48+3.14 | 0.772£0.08 | 23.12£3.31 | 0.786+0.079
0.2 |12.2942.49 ]0.41840.095 | 23.30£3.02 | 0.70440.071 | 22.61+2.49 | 0.712+0.085
0.3 |9.73+2.14 0.27440.07 | 21.53£2.82 | 0.638+0.072 | 20.55+3.6 | 0.644+0.081
0.4 |8.34£1.97 ]0.184+0.051 | 20.04+2.81 | 0.53940.074 | 19.76£3.19 | 0.53540.082
0.5 7.5+1.87 0.127£0.038 | 20.25+£2.47 | 0.503£0.07 | 20.62£2.87 | 0.597+0.087
0.6 |6.97+£1.81 |0.089+0.029 | 19.544+2.36 | 0.481+0.072 | 19.27+3.00 | 0.574+0.086

images. Table 5 shows the results obtained by evaluating the trained models on the test

set (1,500 images). The performance achieved using MC-LURE is on par or even slightly
better than that obtained using Oracle MSE. When the input PSNR is high, the accuracy
of the Taylor-series approximations in the derivation of MC-LURE is high, and hence the
performance is also on par with or even better than that obtained using Oracle MSE. At
low input PSNRs, where the approximation error is high, the Oracle MSE has a marginally
superior performance over MC-LURE. While the training data performance achieved with
both Oracle MSE and MC-LURE is comparable, the results show that the generalizability
of the model to unseen test set images is higher in the case of MC-LURE. Figure 3 shows
representative results comparing MC-LURE with Oracle MSE for several input noise levels.
All of these results point to the high relevance of MC-LURE for practical scenarios where
ground-truth clean images are not available for training a denoising network.

We next train a U-Net model with 400k noisy instances synthetically generated from the
AFHQ dataset. The images were resized to 128 x 128 due to computational constraints.
Table 6 compares the PSNR, and SSIM gains offered by this model comparing MC-LURE
versus Oracle MSE for input noise with ¢ = 0.2. The results show that Oracle MSE has a
marginally superior performance than MC-LURE in terms of PSNR and comparable SSIM.

4.2. Performance comparison with benchmark techniques. We carry out two types of
performance comparisons. In the first type, we convert the multiplicative observation model
to an additive one by taking the logarithm, denoising using an additive white Gaussian noise

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/23/26 to 140.112.41.219 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

UNSUPERVISED DENOISING IN MULTIPLICATIVE NOISE 2595

Input (16.19 dB, 0.664)

Input (11.27 dB, 0.417) MC-LURE (24.61 dB, 0.718)

Input (7.81 dB, 0.179)

Input (7.05 dB, 0.124) MC-LURE (21.64 dB, 0.516)  MSE (22.54 dB, 0.594)

Figure 3. A comparison of denoising performance of U-Net with MC-LURE loss vis-a-vis the Oracle MSE
for different levels of the input lognormal noise. MC-LURE-driven U-Net gives competitive denoising perfor-
mance with respect to the Oracle MSE.
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Table 6
A comparison of PSNR (dB) and SSIM (average + standard deviation) obtained using U-Net by minimizing
the Oracle MSE and MC-LURE loss, trained on 400k noisy tmages synthesized from the AFHQ dataset.

o Input MC-LURE Oracle MSE
PSNR (dB) SSIM PSNR (dB) SSIM PSNR (dB) SSIM
0.2 |12.2842.56 |0.4174+0.096 | 21.3243.38 | 0.67240.086 | 22.23+3.71 | 0.666+0.082

Table 7
A comparison of the denoising performance of the proposed MC-LURE-driven U-Net model with standard
additive noise suppression techniques (denoising after log-transformation), using wavelet, BM3D, and DnCNN
on the AFHQ data [6]. The performance metrics PSNR (dB) and SSIM show that the best results (highlighted
in boldface) are obtained with MC-LURE-driven U-Net. The average input PSNR is 12.24 with a standard
deviation of 2.49, and the average input SSIM is 0.417 with a standard deviation of 0.093 on the test dataset.

Denoising network Output PSNR (dB) Output SSIM
U-Net [20] with MC-LURE (ours) 23.30 + 3.02 0.704 £ 0.071
Wavelet denoiser [3, 29] 10.79 £2.26 0.44 4+ 0.08
BM3D [g§] 10.67 £2.29 0.43+0.10
DnCNN ([38] 10.71 £2.27 0.37 £0.08

denoiser, and then exponentiating the result. These performance comparisons are with respect
to additive noise suppression techniques.

The second set of comparisons pertains to benchmarking the performance of the U-Net
denoiser with MC-LURE loss function vis-a-vis the state-of-the-art multiplicative noise sup-
pression techniques operating in the unsupervised learning setting.

The validations are reported on images from the AFHQ dataset, the Sentinel-1 dataset
[26], and the SEN1-2 dataset [31]. The standard performance measures are PSNR and SSIM.
In the case of real-world noisy images from the Sentinel-1 and SEN1-2 datasets, we also report
the contrast ratio (CR), which is computed as the ratio of the average intensity of the pixels
in a region of higher intensity to that in a region of lower intensity. A higher CR indicates
superior denoising performance.

For the first set of validations, we consider non-deep-learning denoising techniques such
as wavelet denoising [29], BM3D [8], and a pretrained DnCNN with the Oracle MSE loss.
Figures 4 and 5 show some illustrative results. The CR is superior for the proposed tech-
nique. Table 7 shows objective performance comparisons. The non-deep-learning methods
and pretrained DnCNN model do not significantly improve the PSNR and SSIM, whereas
U-Net trained with MC-LURE operates directly on the multiplicative noisy images and of-
fers significant improvements. This experiment shows that it is advantageous to reoptimize
denoisers for the multiplicative noise scenario instead of converting them to the additive type
and using off-the-shelf pretrained additive denoisers. Even if the models were retrained to
handle log-transformed images, exponentiation of the denoiser output is not guaranteed to
results in the minimum MSE estimate. Since retraining is anyway inevitable to achieve good
denoising performance, we recommend retraining using the MC-LURE loss function in the
unsupervised setting instead of the log-transformation approach.

For the second set of validations, the unsupervised despeckling techniques chosen for
comparison are SAR2SAR [10], Speckle2void [26], and SAR-CNN [11]. These models were
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(. L - ‘
Ground truth Noisy image MC-LURE & U-Net (Ours)
(AFHQ) (11.27 dB, 0.417) (24.61 dB, 0.718)

Wayvelet denoiser BM3D DnCNN
(11.14 dB, 0.477) (11.77 dB, 0.483) (10.87 dB, 0.433)

Figure 4. A comparison of the denoising performance (PSNR, SSIM) of various techniques on an image
taken from the AFHQ dataset (available at https://www kaggle.com/datasets/andrewmvd/animal-faces) [6]—
MC-LURE-driven U-Net with multiplicative lognormal noise versus off-the-shelf additive noise suppression
techniques with log-transformed noise and denoising, followed by exponentiation. These results show that MC-
LURE operating directly in the multiplicative noise domain gives performance superior to log-transformation
followed by additive noise suppression.

retrained on lognormal multiplicative noise-corrupted images from the AFHQ dataset. SAR-
CNN required retraining on the lognormal noise data instead of the originally used gamma
noise data. For SAR2SAR, retraining required an additional adaptation, which is a change
of the loss function, from the log-likelihood function of the gamma distribution to that of
the lognormal distribution. It can be verified that maximizing the log-likelihood results in
MSE minimization. Since we are considering the noise to be independent at each pixel, the
additional processing steps in the SAR2SAR pipeline that account for correlation of noise
[10] are not needed. Speckle2Void was specifically developed to handle gamma-distributed
multiplicative noise. The technique finds the best-fit shape and scale parameters, assuming
that the input noise follows the gamma distribution. With these adaptations of the baselines
to handle lognormal noise, the results obtained are shown in Figure 6 and Table 8.

The performance of the baselines, with the exception of Speckle2Void, has definitely im-
proved with these adaptations, as opposed to taking them off the shelf and inferencing on the
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(CR = 10.17) (CR

Wavelet denoiser BM3D
(CR = 9.22) (CR = 18.56)

Figure 5. A comparison of the denoising performance of various techniques. The image is taken from
the SEN1-2 dataset [31]. The comparison is for MC-LURE-driven U-Net with multiplicative lognormal noise
versus off-the-shelf additive noise suppression techniques with log-transformed noise and denoising, followed by
exponentiation. These results show that MC-LURE operating directly in the multiplicative noise domain gives
a performance superior to log-transformation followed by additive noise suppression. The MC-LURE output
has superior visual quality and better contrast as measured by the contrast ratio (CR), which is the ratio of the
average intensity in the red square to that in the green square.

Table 8
A comparison of PSNR (dB) and SSIM (average + standard deviation) obtained using U-Net by minimizing
the MC-LURE loss, trained on 400k noisy images synthesized from the AFHQ dataset. The average input PSNR
on the test dataset is 12.24 dB with a standard deviation of 2.49 dB, and the average input SSIM is 0.417 with
a standard deviation of 0.093.

Denoising network Output PSNR (dB) Output SSIM
U-Net [20] with MC-LURE 23.30 £ 3.02 0.704 £0.071
SAR2SAR [10] 20.09 + 5.04 0.79 + 0.06
SAR-CNN [11] 17.09 £2.94 0.69 £ 0.08
Speckle2Void [26] 12.19 £2.90 0.423 £ 0.105

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/23/26 to 140.112.41.219 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

UNSUPERVISED DENOISING IN MULTIPLICATIVE NOISE 2599

\ f "m s »

i N L‘" aiea § -
Ground-truth Noisy image MC-LURE & U-Net (Ours)
AFHQ image (11.32 dB, 0.42) (24.47 dB, 0.73)

SAR-CNN Speckle2Void SAR2SAR
(13.85 dB, 0.61) (10.36 dB, 0.40) (18.66 dB, 0.79)

Figure 6. A performance comparison (PSNR, SSIM) of various unsupervised despeckling methods with
the MC-LURE-driven U-Net model, on a synthetic noisy image from the AFHQ dataset (available at
https://www.kaggle.com/datasets/andrewmvd/animal-faces) [6]. The neural network models for the bench-
mark techniques have been retrained for lognormal noise to ensure a fair comparison. We observe that the
proposed technique gives significant improvement in PSNR and SSIM compared to the benchmark techniques.
SAR-CNN and SAR2SAR offer improvements in PSNR and SSIM over the noisy image, although not to the
same level of improvement as MC-LURE. On the other hand, Speckle2 Void causes a mild reduction in PSNR
and SSIM, which is due to the fact that the development of Speckle2 Void is specific to gamma distributed noise,
and when the noise distribution does not satisfy that assumption, the model estimates parameters of the nearest
gamma distribution and employs them for denoising, which is not optimal when there is a distribution mismatch.

lognormal noisy images. Speckle2Void did not yield any performance improvements despite
having a built-in provision to find the best-fit scale and shape parameters. This is because
the mathematical development of Speckle2Void is specific to gamma distributed multiplicative
noise with known or estimated shape and scale parameters. When the noise distribution devi-
ates from gamma, the performance was found to degrade drastically. Adapting Speckle2Void
for the lognormal noise turned out to be a challenging task and a research problem in its own
right, which requires a separate in-depth investigation.

In comparison, the U-Net model trained with MC-LURE gave significant performance
improvements, as shown by the objective measures. In terms of visual assessment also, the
proposed MC-LURE technique offers superior image quality.
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Noisy SAR Image MC-LURE & U-Net (Ours)
(CR = 10.17) (CR = 24.62)

SAR-CNN SAR2SAR
(CR = 9.91) (CR = 9.46)

Figure 7. A comparison of various unsupervised despeckling methods with the MC-LURE-driven U-Net
model on an image from the SEN1-2 dataset [31]. The proposed U-Net model trained with MC-LURE offers the
best denoising performance. The degree of noise suppression is particularly high in the regions of low intensity.
The other techniques have a poorer degree of noise suppression. The result of Speckle2 Void is not reported here
because the code did not generate a reasonable output. This image is from a different source and not from that
used in [26], which may have caused some kind of a mismatch leading to poorer performance. The contrast ratio
(CR) is computed as the ratio of average intensity in the red box to that in the green bozx.

In the case of real-world SAR images, the contrast between the dark and bright regions is
better in the case of the proposed technique (Figures 7 and 8). The degree of noise suppression
is also high in the dark regions. The other techniques under comparison have a poorer degree
of noise suppression. The proposed technique does not produce an overly smoothed output.
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Noisy Image MC-LURE Output SAR-CNN Output
(CR = 6.48) (CR = 14.76) (CR = 7.59)

SAR2SAR Output Speckle2Void Output
(CR = 6.85) (CR = 10.34)

Figure 8. A comparison of various unsupervised despeckling methods with the MC-LURE-driven U-Net
model on an image taken from the Sentinel-1 dataset used in [26]. The contrast ratio (CR) is computed as the
ratio of the mean intensity of the bright region (box outlined in red) to that of the dark region (box outlined in
green). The proposed MC-LURE technique gives a superior contrast. The output is oversmoothed in some of
the baseline techniques.

5. Conclusion. We addressed the problem of image denoising in multiplicative noise con-
ditions. Specifically, we considered the lognormal distribution for noise and developed the
lognormal unbiased risk estimate of the MSE. Computation of the risk estimate requires esti-
mation of the weighted trace of the Jacobian for which we proposed a computationally efficient
Monte Carlo approximation technique. The p parameter of the lognormal distribution has no
effect on the denoising outcome. The o parameter can be estimated robustly using a median-
based finite-difference estimator. Experimental results showed that, despite the stochastic
approximations involved in deriving MC-LURE, the quality of denoising, both in terms of
PSNR and SSIM, is competitive and even better than that achieved using the Oracle MSE.
The principal advantage of the proposed formalism is that it is ideal for the unsupervised set-
ting, which is the practically relevant setting. Any state-of-the-art denoising neural network
model could be optimized with MC-LURE as the loss function. We considered several types
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of images for demonstrating the superior denoising capability of the proposed algorithm. We
also showed that transforming the noise via the logarithm to an additive one and then using
a pretrained additive Gaussian denoiser did not result in competitive denoising performance.
The experimental results further showed that training the U-Net denoiser with the MC-LURE
loss function gave better results than the benchmark despeckling techniques retrained on the
lognormal noisy images. When tested on real-world SAR images, the MC-LURE technique
offered competitive denoising performance.

Reproducibility. Our code is accessible at LURE GitHub, using which the results reported
in this paper can be generated.
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