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Abstract—Estimating frequencies of damped sinusoids is the
underlying problem of many practical applications. Existing
algorithms are often inaccurate for estimating frequencies from
damped sinusoids since many of them are designed for undamped
signals. In this paper we propose an algorithm to estimate fre-
quencies of a sum of damped sinusoids. This algorithm combines
the Gauss-Newton method with an exact formula for single-
frequency estimation. As validated by extensive simulations,
the proposed algorithm provides nearly optimal estimations of
frequencies of damped sinusoids, and is much more efficient than
others when the signal has a large number of samples.

Index Terms—Frequency estimation with high resolution,
damped sinusoids, super-resolution.

I. INTRODUCTION

Estimating the frequencies of a mixture of sinusoids, a
classic topic in signal processing, is the underlying problem
of many real-world applications. Typical applications include
radar [1], communications [2] and NMR [3]. In this paper we
address the estimation of frequencies from an N-point discrete
signal sampled uniformly from a sum of sinusoids:

K .
T :Zkzlakem’“",n:(),...,]vf 1. (1)

In this paper both the amplitudes aj; and the frequencies €2
are complex-valued. The imaginary part of €2 is known as
the damping factor.

Existing Methods Many algorithms have been proposed to
estimate frequency with high resolution. For example, in
algorithms such as MUSIC [4], ESPRIT [5] and Matrix Pen-
cil [6], a Toeplitz matrix is constructed by moving a window
over the given N-point discrete signal, and the frequencies
are estimated by exploring the structure of the Toeplitz ma-
trix. More recently, algorithms based on compressive sensing
(CS) [7] have been proposed for estimating frequencies. Typ-
ical algorithms include the on-grid L2-CS [8], the off-the-grid
atomic norm minimization [9], and the Bayesian Superfast
LSE method [10], etc. Another approach is to apply the
iterative orthogonal matching pursuit (OMP) scheme to find
the frequencies that best explain the given data in the sense of
the maximum likelihood. The OMP-based algorithms differ
in their way to estimate individual frequency. For example,
in RELAX [11] the frequency is found by zero-padding; in
Newtonized Orthogonal Matching Pursuit (NOMP) [12] the
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Newton method is used to minimize the residue energy and
compute the frequency.

However, existing algorithms often have a poor performance
when they are used in real applications, because real-world
signals are often highly noisy and may deviate from the
assumption of these algorithm. For example, many algorithms
assume the frequencies {2; have a zero damping factor,
ie., Im{Qr} = 0, whereas many signals in practice (e.g.,
NMR [3], underwater acoustics [13] and speech [14]) are
sufficiently damped for this hypothesis to be inaccurate. As
shown later in our simulations, neglecting the presence of
damping factors leads to a significantly degraded performance
on estimated frequencies.

Besides discarding damping factors, most existing algo-
rithms provide inaccurate estimations when frequencies are
closely-spaced, i.e., when the separation between frequencies
|[Re{Q2%} — Re{%}| (& # D) is small. Also, they are not
efficient when the signal has a large number of samples.

Contributions In a previous paper [1] we gave an exact
single frequency formula (3) which provides a nearly optimal
estimation in the presence of noise. In this paper we propose an
iterative algorithm based on that formula to estimate multiple
frequencies with high resolution. The contributions of this
paper are summarized below:

o We combine the formula (3) with the Gauss-Newton (GN)
method to estimate multiple frequencies from a mixture
of damped sinusoids.

« We propose an efficient estimator for multiple (complex-
valued) frequencies. The proposed algorithm with this
estimator is numerically stable when frequencies are
closely spaced.

« We validate the accuracy and the efficiency of the pro-
posed algorithm on extensive simulations. The proposed
algorithm is shown to be faster and much more accu-
rate than existing algorithms, especially for estimating
closely-spaced frequencies.

This paper is organized as follows. In Sec. II we briefly
review the formula (3), and then elaborate the proposed
algorithms for estimating multiple frequencies. In Sec. III, we
validate the proposed algorithm on extensive simulations. We
conclude this paper in Sec. IV.
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Fig. 1: Combining the Gauss-Newton method with (3).

II. METHOD

An Exact Formula for Single Frequency Estimation The
Discrete-time Fourier Transform (DTFT) of an N-points dis-
crete signal {xg,z1,...,2y_1} is defined by:

N-1

X(w) = ano Tpe i )
Theorem 1. Assume that the samples x,, are of the form

Tp =ae™ n=0,...,N—1.

where a € C and Q € C. Given two (real-valued) frequencies
w1 and wo such that wy —wy = 27 /N and the DTFT X, and
Xo of xy, at w1 and wa, then the (complex-valued) frequency
of the samples is given by

3)

O=—iln (ei“’l X - X > .

X, — e_iQWﬂXg

The proof is given in Appendix A. An effective choice of
[w1,ws] is to identify the peak wppr of the DFT spectrum
of the signal, and let [wy,ws] = wprr F 7/N. In [1] we
have shown, both theoretically and empirically, that (3) can
be nearly as accurate as the Cramér-Rao bound [15].

Estimating Multiple Frequencies Now we consider the es-
timation of K frequencies {Q;}X_; from a sum of complex
exponentials with additive noise v,,:

K iQrn
Yp = E k_lake V4 vp,n=0,...,

The key of our algorithm is shown in Fig. 1. Assuming
the availability of a previous estimation of the frequencies
{Q ¢ First, the coefficients {ax,bx}i_; on the basis
{ein neitn 1K are calculated by least-squares fitting of
the samples y,,. The rationale for using these two types of

functions is the first-order Taylor approximation

N-1. ()

ei,(Qk-&-éQk)n ~ eian + 060, _neiﬁkn 5)

when €, is small—Gauss-Newton (GN) method. Second, for
every frequency Q, the DTFT of (ax +nl;k) iQ%kn s evaluated
at Re{Q;, } &7 /N, and the formula (3) is applied to update €.
This process is repeated until convergence is reached. Note
that, in contrast with the standard GN method, we do not
update €2, directly using 62, = —zbk/ak as suggested by (5),
but indirectly using the N samples of (ay, -+ nby)e 4 this is

o
©

o
©

meee GN + Formula (3)
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Fig. 2: Plots of the estimation error of two frequencies 2, {22
in function of the number of iterations (no damping factor,
no noise, 49 samples), demonstrating the effectiveness of our
non-standard GN algorithm, in comparison to the standard GN
version, and to NOMP, another iterative algorithm. Note: DFT
bin = 27 /N with N = 49.

significantly more robust as seen in Fig. 2b where the standard
GN method fails to estimate two closely-spaced frequencies.

In conventional matching-pursuit based algorithms (e.g.,
NOMP), y,, is projected on the basis {e’**"}/<,. Our al-
gorithm further employs the basis {ne’**"}X ~which has
the effect of accelerating convergence considerably as shown
in Fig. 2. In contrast, the error of NOMP decreases slowly
with the number of iterations, especially when {21, Q5} are
separated by less than a DFT bin (i.e., 27/N).

Initialization Our algorithm requires a set of initialized fre-
quencies {Qk}le that are calculated successively as shown in
Fig. 3. Again, in our initialization the GN method is combined
with the formula (3).

Stopping Criterion The iteration of the GN-Formula method
in Fig. 1 terminates when the Mean Squared Error (MSE) is
sufficiently closed to MSE;, where MSE is the error between
yn and its projection on the basis {eiQk”}kK;l; and MSE; is
the error between y,, and its projection on {e’?+" neikn1K
We know that when these two errors are equal, the MSE has
reached a (local) extremum. In practice, we stop iterating when

MSE/MSE; < 1.001.

In most simulations, this condition is reached within 6 itera-
tions. This indicates the fast convergence of our algorithm.

e Find the peak of DFT(dy,) — wprT;

() [wl,UJQ] = WDFT :l:’lT/N;

0Yn = Yn yy >

Repeat for all
K frequencies

e Evaluate DTFT & apply (3) — Q.

e Project y, on span {eml", ..., e peiin ,nemk"};

e Remove this projection from y, — dyp.

Fig. 3: Initialization of our algorithm.

Authorized licensed use limited to: Trial User - National Taiwan University. Downloaded on January 23,2026 at 14:08:25 UTC from IEEE Xplore. Restrictions apply.



Yj “_.\—-—— ‘1;‘\\
5 0 s
- 10 “‘- \ o \‘

Nomarlized Frequency RMSE
a2
o
-
13
.
.
I3 (
.

-
1072 . S
oy N
e, "~.,.
" 10 Sy
0 10 20 30 40 10 20 30 40

SNR (dB)
(a) K = 2 Well-separated Frequencies

SNR (dB)
(b) K = 2 Closely-spaced Frequencies

MUSIC
Matrix Pencil

- — NOMP AST
—-—=SuperFast LSE

(c) Legends in (a) and (b)

CRB
........ This paper

Fig. 4: Plot of the frequency RMSE (see text for mathematical
definition) in function of the noise level (2 complex-valued
frequencies, 49 samples, additive white Gaussian noise): (a)
frequency separation is 2 DFT bins; (b) frequency separation
is half a DFT bin. Each value has been averaged over 5000
noise realizations. The damping factor is chosen so that the
signal intensity decreases by about 50% from start to end.

4-DTFT Method When frequencies are closely-spaced, the
algorithm described sometimes (albeit, infrequently) under-
goes numerical instability, caused by the merging of these two
frequencies. This issue can easily be detected due to a rise of
the MSE. The MSE rises because the least-squares fitting of
yn becomes ill-conditioned when frequencies merge together,
i.e., some basis in {e’**"}X are very similar.

To address it, we have devised a 4-DTFT method where
two closely-spaced frequencies are estimated in by using four
DTFT coefficients. The 4-DTFT method is a natural extension
of the single-frequency formula (3) where two DTFT are used.
The details of 4-DTFT method are given in Appendix B. We
apply the 4-DTFT method only when the MSE increases. We
check the MSE after each iteration of the whole GN-formula
procedure (i.e., updating all K frequencies).

III. SIMULATIONS

We compare the accuracy and the efficiency of our algo-
rithm with the state-of-the-art frequency estimation algorithms
including MUSIC [4], Matrix Pencil [6], Atomic-norm Soft
Thresholding (AST) [9], SuperFast LSE [10] and NOMP [12].
Of these methods, only Matrix Pencil does allow complex-
valued frequencies. All other methods assume that the signals
are un-damped. The implementation of these algorithms are
either from the Matlab official, or provided by their respective
authors. We omit the result of ESPRIT [5] since it has almost
the same performance as Matrix Pencil.

Estimation Accuracy In Fig. 4 we compare the normalized
RMSE of K = 2 frequencies estimations with the associated
Cramér-Rao lower bound (CRB) [15], the optimal perfor-
mance for an unbiased frequency estimator. The normalized
RMSE is computed as:

=

Ell

In this expression, the estimated frequencies Q) are carefully
paired with the true frequencies 2. E[-] denotes the expecta-
tion operator.

In Fig. 4(a) where the frequencies are well-separated, only
our method is as accurate as the CRB. The RMSE of Matrix
Pencil is slightly larger. All other methods are significantly less
accurate. In Fig. 4b the frequencies are separated by only half
of the DFT bin. The performance of Matrix Pencil degraded as
its RMSE is always above the CRB. While the RMSE of our
method is still nearly optimal when SNR is 17dB or above.
Other methods are not accurate.

In Fig. 5 we plot the histogram of the estimation errors
normalized by their respective CRB. The errors are collected
from 10000 random tests where a noisy N-point signal is
randomly generated and its frequencies are estimated. The
setting of each test is given below:

i (Re{Qk} - Re{Qk})2
k=1

27 /N

Normalized RMSE =

e N is randomly (uniformly) chosen between 49 and 127.

o Number of frequencies: K = | N/5];

o The SNR is chosen uniformly in the interval [10,40]dB.

o {ak, Q< | are randomly generated with the intensity
of each sinusoid decreases between 50% to 90% from
start to end, i.e., 0.1 < e~ I{Q}N < (5,

o The minimum separation between Re{€;} is 2 x 27/N
in Fig. 5a and is 0.5 ~ 0.7 x 27/N in Fig. 5b.

The optimal histogram is expected to be that of the unit
normal distribution A/(0,1) [16] (dashed line in Figs. 5).
Only our method is able to produce a histogram close to
the optimal distribution. Note, however, that our histogram
plot in Fig. 5b is slightly below the N (0, 1)-envelope. This is
because of (very rare) initialization mistakes caused by missed
frequencies, a problem that may arise when frequencies are too
close and the signal is too noisy.

Run Time We also compare the run time of all the algorithms
in Fig. 6. The simulations are done in Matlab 2024 on an i7-
5930K processor with 64 GB memory. Overall, our method
has the smallest run time when N > 200.

IV. CONCLUSION

In this paper, we propose an algorithm to estimate multiple
frequencies from a sum of damped sinusoids. This algorithm
combines an exact formula for single-frequency estimation
with the Gauss-Newton method. We also propose a 4-DTFT
method to address the numerical instability when frequencies
are closely-spaced. The simulations show that our algorithm
is able to accurately estimate multiple frequencies from a sum
of damped sinusoids. And our method is comparatively even
more efficient when the signal has a large number of samples.
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Fig. 5: Histogram of frequency estimation errors from 10000 random tests (varying number of samples N, SNR, frequencies,
amplitudes, noise, and varying number of frequencies: K = | N/5]). The errors are normalized by their respective Cramér—Rao
bound (CRB). When an algorithm is CRB-accurate, the statistics of its normalized errors are expected to be a unit normal

distribution A/(0, 1).
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Fig. 6: Run time for solving K = 16 frequencies with the
number of samples N € [100, 2000] with a step size of 100.
The run time are averaged over 1000 random noisy realizations
for each V. The SNR is fixed at 20dB.

APPENDIX A
PROOF OF THEOREM 1
Proof. Given (2) and summing up the geometric sequence
provides the analytic expression of the DTFT of the samples:
QION g—iwN _ |

X = - A~ - ..
(W) a ezQefzw -1

Given that wy — wy = 27/N, we find that

eiQNefiwlN -1 eiQNefiwlN -1

X1:a 3X2:

s ... a A P .
eZQe—Zwl _ 1 eiQe—i(ler%) _ 1

(same numerator since w; — we = 27/N) and so
X, eiQe—i(wl-i-%r) -1
X,

eiﬂef’iwl _ 1

Using basic algebra, we can finally extract
X7 — Xo
X, — (E_i2W7r Xo ’

vt =t

which is the same as (3).

APPENDIX B
DETAILS OF THE 4-DTFT METHOD
The 4-DTFT method exploits the fact that the DTFT of

a sum of two sinusoids is a ratio between two polynomials.
Consider the DTFT of z,, = a1e®1™ + gqei%2m;

X|lw+ m2£ _ ?1(ei(5?17w)]: -1) qQ(Gi(?rw)]: 1)
N i e—ilwtm3F) _ 1 @ig—i(w+mIF) _q

p1 + pae”(WHmE)
1 +qle—i(w+m2ﬁ) +q26—i2(w+m2ﬁ")

P (efi<w+m%">> /Q (efz'(wm%")) _

P(z) and Q(z) are a linear and a quadratic polynomial with
coefficients {pi,p2} and {1,q1,q2}, respectively. The roots
of Q(z) are given by {e¥1,e"?2}, ie., the coefficients of
Q)(z) form an annihilation filter from where the frequencies
{Q1,Q2} can be solved [17].

To solve {p1,p2,q1,¢2}, a 4 x 4 linear system is con-
structed by evaluating 4 DTFT. We evaluate the DTFT at
w + [-37/N,—7n/N,7/N,3x/N] with w = (Re{} +
Re{€2:})/2, and {Q;,€} are some previous estimations of
the frequencies. Then {4, 2} are solved by finding the roots
of Q(2) =1+ qz + q22°.
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