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ABSTRACT

Despeckling of Synthetic Aperture Radar (SAR) images has
seen significant progress in recent years, largely driven by ad-
vancements in deep learning techniques. However, many of
these approaches face challenges when applied to new SAR
datasets, primarily due to their dependence on ground truth
images, which are often unavailable for real-world sensors.
In this paper, we address this limitation by extending the con-
cept of unbiased risk estimation in the presence of Gamma-
distributed multiplicative speckle. Specifically, we demon-
strate that it is possible to train deep denoising networks with-
out relying on ground truth data using our estimator. We intro-
duce a new formulation of the Multiplicative Unbiased Risk
Estimator (MURE) and present a computationally efficient
Monte Carlo-based method that enables accurate estimation
of the modified MURE cost, facilitating effective unsuper-
vised training of deep neural networks from large datasets
consisting solely of noisy SAR images. Experimental results
on both synthetic datasets and real Sentinel-1 SAR images
validate the suitability of our method for real-world applica-
tions. Even without ground truth, our method achieves per-
formance that closely matches the Oracle-based denoiser and
proves superior to the out-of-domain performance of popular
supervised SAR despeckling methods.

Index Terms— Despeckling, SAR, multiplicative noise,
deep learning, MURE.

1. INTRODUCTION

Active imaging sensors such as SAR play a pivotal role in var-
ious applications, including remote sensing, medical imag-
ing, and security systems. Unlike passive sensors, which rely
on ambient light or natural radiation, active imaging systems
emit signals—such as laser or coherent pulses—and capture
the reflected signal to construct images. This self-illuminating
capability makes them particularly effective for Earth obser-
vation studies due to their ability to penetrate clouds and op-
erate at night. However, these systems are often severely af-
fected by speckle - a multiplicative noise that arises from the
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Fig. 1: Sentinel-1 SAR image, unsupervised DeepMURE
(center) performs close to the Oracle (right).

interference of coherent waves scattered by the imaged ob-
jects [1, 2]. These fluctuations seriously affect human and au-
tomated interpretation of these images. A denoising process
called despeckling is often applied to alleviate this. The sta-
tistical model [1] for fully developed speckle provides the key
to understanding speckle and its properties. For a SAR sys-
tem, it is possible to factor the reflected complex amplitude
into two parts- one with only the deterministic but unknown
reflectance to be measured (x € R7") and the other as the un-
wanted signal-dependent speckle (N € R'") caused by con-
structive and destructive interference of the random scatters.
The noisy measurements Y € R follow the model:

Y=x0N, (1)

where ® is the Hadamard product, images are treated as m-
dimensional vector random variables. For fully developed
multilook speckle with k looks, the components of random
variable N are i.i.d. and follow a Gamma distribution with
mean /iy = 1 and variance 0%, = 1/k:

kk
pn(nyk, k) = % n*le ™ n >0,k >0, 2)

where I'(.) is the Gamma function. To demonstrate the sever-
ity of speckle, a single-look Sentinel-1 SAR image and de-
speckling result from our unsupervised method are shown in
Figure 1 for reference.

1.1. Prior work

Early despeckling methods used additive denoising tech-
niques by applying homomorphic filtering to transform the
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noise model into an additive form. Other approaches, like
the Kuan [3] and Lee filters [4], relied on local statistics but
struggled to preserve fine details due to oversimplified as-
sumptions. These limitations were partly addressed by total
variation denoising [5] and maximum a posteriori (MAP)
methods with regularization [6]. More recently, non-local
and collaborative filtering techniques, such as NL-SAR [7]
and SAR-BM3D [8], have been applied to SAR despeckling
yielding superior results.

Supervised deep-learning methods. With the advances in
data-driven techniques for image restoration, numerous su-
pervised deep learning methods have been developed for
despeckling. Notably, SAR-CNN methods [9, 10, 11] train a
Convolutional Neural Network (CNN) in a homomorphic set-
ting and utilize residual learning to obtain denoised images.
Other methods such as SAR-DRN[12] and MO-Net [13]
design specialized architectures and utilize total-variation,
KL-divergence, and despeckling gain (DG) losses apart from
the commonly used Mean-Squared Error (MSE) to improve
the visual quality of recovered outputs. Recently, authors of
SAR-Transformer [14] utilized the global attention capabil-
ity of transformer architecture for the despeckling task. A
major issue with these methods is the sufficient availability
of ground truth images, which are rarely available. Conse-
quently, methods trained on synthetically generated datasets
fail to generalize to unseen image domains.

Self-supervised learning methods. To address the limi-
tations of supervised methods, self-supervised approaches
leverage supervisory signals derived directly from the noisy
image. In this context, SAR2SAR [15] adopts the Noise2Noise
framework to perform denoising by utilizing multi-temporal
images of the same region. Similarly, MERLIN [16] builds
on this concept but applies the technique to the real and com-
plex components of Single Look Complex (SLC) images.
However, these methods require complex images and spe-
cific information about the system, which may not always be
accessible.

1.2. Our Contributions

We draw inspiration from prior work on unsupervised denois-
ing for additive Gaussian noise. At the core of our approach
is the use of unbiased risk estimators, which allow estima-
tion of Mean-Squared-Error (MSE) in the absence of ground
truth. Works such as [17, 18] demonstrate that Stein’s Unbi-
ased Risk Estimator (SURE) is an effective surrogate of MSE
for Gaussian denoising. Such estimators also exist for Poisson
noise [19]. Building on the work of [20], which introduces a
Multiplicative Unbiased Risk Estimator (MURE), we:

1. Introduce a novel expression for MURE, consisting
solely of derivative terms, in contrast to the original
MURE, which includes a difficult-to-evaluate integral
term (Corollary 1.1).
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2. Develop a computationally efficient Monte Carlo method
using only input image perturbations and demon-
strate its application in training a deep neural network
(DnCNN [21]).

3. Conduct experiments on both real and synthetic images
in an unsupervised training regime with DeepMURE
(Deep despeckling with MURE), enabling training on
datasets containing only noisy images.

Our unsupervised method achieves PSNR performance
within 1 dB of the denoiser trained with true MSE (Oracle).

2. UNSUPERVISED DESPECKLING WITH MURE

2.1. Theory
2.1.1. Unbiased Risk Estimation

Most image restoration methods utilize the MSE loss (risk)
apart from some specialized loss functions. The MSE de-
pends on the ground truth samples x that are not easy to
obtain. To enable estimation of MSE without ground truth,
Seelamantula and Blu [20] introduced MURE for Gamma
distributed multiplicative noise and derived a linear, wavelet-
based denoiser. We restate MURE in its multivariate (vector)
form and derive a new version that is computationally supe-
rior to the original MURE version.

Theorem 1. (Multivariate version) Let Y = xIN, where
x € RY is deterministic but unknown reflectance image. Let
Y,N € RY, and N ~ T'(k, k) with independent entries,
then, the vector random variable

. k
() = T I = 2Y T MEY) +[EY) P )
is an unbiased estimator of the MSE, ((f) =

En{|If(Y) —x||?}, where E is the expectation oper-
ator.  For a scalar function f(Y'), the operator M is
defined as Mf(Y) = k:fol sk=1f(sY)ds. This notation
is extended straightforwardly to multivariate vector func-
tions £(Y) = [f1(Y), f2(Y),..., fm(Y)]" according to
Mf(Y) = [lel (Y); M2f2<Y)a cee 7Mm,fm(Y)]T;
where M £;(Y) applies the operator M to the i input
component of £(Y) only.

For the proof, see [20]. While the MURE estimator (f (f)
can be used as a surrogate to MSE, the presence of integral
in the definition of M makes it computationally demanding.
Specifically, the original MURE estimate has an exponential
cost in the number of pixels m and the number of param-
eters of the denoiser, |#|. Moreover, since it is difficult to
solve exactly for non-linear integrands, numerical integration
methods need to be applied, which are time-consuming even
for the simplest of the denoisers (e.g., soft thresholding in the
wavelet domain). To give an example, the original MURE
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cost would require ~100 K denoiser evaluations even for a
modestly sized 512 x 512 SAR image. Due to this, MURE
is computationally prohibitive to evaluate, especially for deep
neural networks with millions of parameters. To alleviate this,
we derive a new version of MURE and devise a Monte Carlo
(MC) estimation technique that can be used to train very deep
neural networks efficiently without supervision.

Corollary 1.1. (Series version) An equivalent expression for
cost ((f) in Eq. (3) for a differentiable denoiser £(Y) is

(£ Y2+ £(Y))?
«)annw<w
oFP(Y)
—9 ‘p+1 i 4
) IE k o T @
i=1 p=0
where p is the order of partial derivative of £;(Y) wrt. Y,

the i*" pixel of the input noisy image.

Proof. Since only the term YT Mf(Y) in Theorem 1 is
different from this version, we focus on its expansion. We
rewrite the component-wise operator M, f;(Y) by applying
integration by parts:

M fi(Y) k;/olsk1fi(Y1,Y2,...,sYi,...,Ym)ds

k/olsk_lfi(SiY)ds

sl - [ virisysas
—/Olnf;(siY)sk“ds.

where, we introduce S; € R™*™ as a matrix constructed by
replacing i diagonal element of identity matrix by s. Apply-
ing integration by parts repeatedly to this expression yields:

0 (p)
Mﬁw:;ew%ﬁgﬁgéf

For the vector version of the estimate, we need to evaluate the
inner product of this term with Y, which gives:

=33

=1 p=0

Yp+1 afz(p) Y

T
YT ME(Y v

k+p)

which completes the proof.

2.1.2. Monte Carlo estimation of MURE

Compared to the expression in the original MURE re-
quires m? evaluations of the integral, the cross-product term
Y7 Mf(Y) in Corollary 1.1 contains only inner product of
the noisy image and the diagonal elements of the partial
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derivatives. While it is possible to utilize automatic differ-
entiation capabilities of modern deep learning frameworks
to compute the terms of our version cost, obtaining full
(O(mP*+1))-sized derivative tensors is computationally inef-
ficient as we only need the diagonal entries of p!"* derivative
for taking the inner product with Y?*+1, Instead, we propose
a Monte Carlo approach and show that it is possible to esti-
mate the inner product directly via ensemble averages of fi-
nite difference operations applied to the denoiser’s response
to specifically crafted input perturbations. To see this, first,
we explicitly write the terms p € {0,1,2} in Eq. 4:

((f) = k+1||Y||2+||f )HQ*QZ (Yz‘fi(Y)
i=1
V2T () | YA (YY)
 k+1 (k+1)(k+2) +) )

where [J(Y)]i is i'" diagonal entry of the Jacobian of
£(Y) and [H;(Y)]ii is the i*" diagonal entry of the Hes-
sian of f;(Y). The product with Y*" terms can be seen as
a weighted trace of the p*" derivative. The term for p = 0
is easy to evaluate as an inner product between the noisy and
denoised images. We now present our two key results - Theo-
rem 2 and Theorem 3, which enable the efficient Monte Carlo
estimation of MURE terms for p = 1 and p = 2, respectively.

Theorem 2. Let £(Y) : R™ — R™ be a differentiable func-
tion and J¢ denote its Jacobian. Let B € R™ with i.i.d entries

~N(0,1). Then, > 7" [Je(Y)]u Y =
e(Y@B))> }

lim.—oEp {(Y ®B)T (f(YJre(Y@B))ff(Y,
A similar approximation can be obtained for p = 2 term.

2¢€

: R™ — R™ be at a twice differ-
entiable function and [Hg); denote the Hessian of f;. Let
B € R™ with i.id entries ~ Triangular(—2,1). Then

Eg {—5(Y ©B)T (f(Y+e(Y®B))—2f(2Y)+f(Y—e(Y©B)))}
estimates y .- [Hg(Y)];1;Y;? in the limit as e — 0.

Theorem 3. Let £(Y)

The proofs for Theorem 2 and Theorem 3 are based on
approximation of the derivatives using a Taylor series expan-
sion. Due to space limitations, we plan to provide the de-
tailed proofs of these theorems in a future journal version of
the work. The expectation Eg for the terms are computed us-
ing Monte Carlo estimates with K perturbations of the input
noisy images. Since our version of MURE uses only finite
difference operations, evaluation of the term Y7 Mf(Y) be-
comes not only tractable but rather cheap compared to numer-
ical integration or even autograd based estimation.

We estimate only the first three terms (p < 2) as higher-
order terms increase computational complexity with minimal
benefit. Figure 2 shows that with p = 0, the network fits the
noisy image directly, increasing weighted divergence, defined
as the sum of terms for p = 1 and p = 2. For p < 1, the MSE
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Fig. 2: Effect of number of terms (p) of the MURE cost on
MSE estimation during neural network training.

approaches the oracle MSE, while for p < 2 (DeepMURE),
the cost remains close to the oracle cost throughout training,
as confirmed by the low-weighted divergence. We empirically
set ¢ = 1E—2 and observe that a single perturbation (K = 1)
suffices due to the high dimensionality of images. Using the
series version of MURE, only four additional network evalua-
tions per iteration are needed, compared to O(m?) operations
in the original cost. Thus, all experiments use the final cost in
Eq. (5) withp < 2and K = 1.

2.2. Implementation Details

We implement MURE as a plug-and-play loss in Tensorflow.
To demonstrate our method, we choose DnCNN [21] as a rep-
resentative denoiser for its proven denoising capability. To
train a deep neural network fy with parameters as a random
variable ©, we minimize the following objective:

O* = arg m(;n MURE(fo(Y)) (6)

over the noisy realizations of Y in the dataset. We compare
the performance of DeepMURE with the Oracle-MSE perfor-
mance and some other state-of-the-art despeckling methods.
To estimate the MURE cost, we require several looks (k) of
the noisy image, which is either assumed known or estimated
using the statistical estimation technique using homogeneous
regions as described in [2]. We train the network with a learn-
ing rate of 1E-5 with an ADAM optimizer for 50 epochs.
Computationally, every MSE estimation step involves 4K
network evaluations for the Jacobian and Hessian terms com-
pared to 1 evaluation for the Oracle-MSE, where K is the
number of perturbations. Hence, the training time for Deep-
MURE is 4 times that of oracle-MSE. A DeepMURE trained
DnCNN takes 0.4 seconds for despeckling a 512 x 512 image
in comparison to 600 seconds required by SAR-BM3D. All
our experiments are performed on a single Nvidia-V100 GPU
using the TensorFlow deep learning framework.
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Table 1: Quantitative comparison of methods on Sentinel-1
SAR and UC-Merced dataset with single-look speckle. Best
results are in bold-face and second best results are in italics.

Sentinel-1 UC-Merced
Method PSNR SSIM PSNR SSIM
Noisy (k =1) 1446  0.27 11.90 0.28
SAR-BM3D [8] 26.11  0.80 2237  0.57
SAR-CNN [9] 2546  0.70 23.46  0.62
SAR-Transformer [14] 27.93  0.77 2385 0.59
DeepMURE 28.16 0.79 24.12  0.62
Oracle 28.88  0.82 24.78  0.65

3. EXPERIMENTS

We conduct experiments on the UC-Merced [22] and
Sentinel-1 SAR [10] datasets to demonstrate our method’s ef-
fectiveness. The UC-Merced dataset contains high-resolution
images of 21 land classes, with 100 images per class. We
create a test set of 21 representative images, adding synthetic
speckles with k = 1, corresponding to the highest noise level.
For Sentinel-1, we train DeepMURE on single-look images
and compare results with the multi-temporal processed im-
ages provided in the dataset. Performance is measured using
the Peak Signal-to-Noise Ratio (PSNR) and Structural Sim-
ilarity Index (SSIM). DeepMURE trains DnCNN using only
noisy images, while the Oracle uses ground truth references.
Although our framework can train any linear or non-linear
denoiser, we compare it with some baseline methods with
different architectural backbones. We select SAR-BM3D, a
widely used training-free method, and two recent supervised
deep learning methods SAR-CNN [9] and SAR-Transformer
[14] for the comparison. To highlight the domain adaptation
challenge in supervised methods, we use the original versions
of these models without retraining on the target datasets. For
facilitating comparison with a supervised method trained on
the same dataset, Oracle performance is compared both visu-
ally and quantitatively.

Figure 3 provides a visual and quantitative comparison
of one sample each from synthetic and real datasets, with a
full evaluation presented in Table 1. For both samples, SAR-
BM3D improves over the noisy input but introduces signif-
icant artifacts in high speckle regions. SAR-CNN produces
sharper outputs with better PSNR and SSIM values than SAR-
BM3D, but it introduces noticeable artifacts, especially near
boundaries. Similarly, the SAR-Transformer struggles with
smudged outputs due to the lack of dataset-specific training.
In contrast, DeepMURE, trained directly on noisy realiza-
tions without ground truth, significantly outperforms SAR-
CNN on the Sentinel dataset, achieving a 2.5 dB gain in
PSNR and 0.09 in SSIM. On the synthetically corrupted UC-
Merced dataset, DeepMURE achieves smaller but consistent
gains of 0.7 dB and 0.3 dB in PSNR over SAR-CNN and
SAR-Transformer, respectively. These more significant im-
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Fig. 3: Visual and quantitative comparison for UC-Merced (synthetic) and Sentinel-1 (SAR) samples.

provements on real datasets highlight DeepMURE’s ability to
adapt to target distributions effectively. By leveraging same-
domain training, DeepMURE produces visually superior out-
puts compared to SAR-CNN and SAR-Transformer, demon-
strating its robustness and adaptability.

DeepMURE performs slightly below the Oracle-trained
network, with an average PSNR drop of 0.7 dB and a 0.03 re-
duction in SSIM. While visually close to the Oracle outputs,
DeepMURE exhibits higher residual noise in smooth regions,
primarily due to the absence of ground-truth supervision with
the MSE-only loss. This limitation could be addressed by
incorporating unsupervised losses, such as TV loss or percep-
tual loss, into the training objective. Despite this, DeepMURE
achieves results that are remarkably close to the Oracle, even
with a single perturbation setting for Monte Carlo estimation.

3.1. Ablation Studies

To evaluate the estimation performance of the series version
of MURE, we vary the number of terms (p € 0,1,2), the
number of perturbations for Monte Carlo estimation (K €
1,12, 24), and the number of looks (k € 1,4,10). We train
a DnCNN on 7 sample images of size 512 x 512 from the
Sentinel-1 test dataset and perform three network training per
setting, reporting the mean and standard deviation of PSNR
estimates compared to Oracle PSNR. We also report average
run times for different perturbation counts. As shown in Table
2, increasing K from 1 to 24 reduces the MURE estimation
standard deviation by up to 0.3 dB with p = 2 and k = 1. Set-
tings with p < 2 underperform, highlighting the importance
of including higher-order terms in the cost estimate. As ex-
pected, higher numbers of looks improve performance, with
MURE coming within 0.2 dB of the Oracle at £ = 10. While
increasing perturbations enhance PSNR estimates, it also sig-
nificantly increases computational cost, justifying our choice
of K = 1 for all experiments.
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Table 2: PSNR estimation gap (dB) compared to oracle and
run-time (100 iterations) comparison for different settings.

(K) Number of MURE terms (p) Number of looks (k) T(l:;e
0 1 2 1 4 10
1 372+£26 137+£064 1214057 123+057 074+031 021+012 33
12 391+13 141£037 1.17+033 1.17+£033 0.71+0.17 023+£0.03 391
24 362409 145+£021 1.13£021 1.134+021 0.65+0.12 022+0.03 727

4. CONCLUSIONS

This work presents an alternate formulation of the Multiplica-
tive Unbiased Risk Estimator (MURE) that relies exclusively
on derivative terms. This new form allows the MURE cost to
be efficiently approximated for any denoiser using a Monte
Carlo approach, eliminating the need for computationally ex-
pensive numerical methods involving integrals. Moreover,
this formulation enables the training of non-linear denoisers,
such as deep neural networks, without ground truth. We make
unsupervised training practical and effective by leveraging in-
put perturbations and simple difference operations, which are
computationally efficient on modern hardware. Experimen-
tal results demonstrate that a deep denoising network trained
unsupervised with MURE achieves performance comparable
to Oracle, even on single-look SAR observations. These find-
ings validate the effectiveness of our proposed unsupervised
despeckling framework and highlight its potential for real-
world applications. In the future, we would like to extend
our work to a more general SAR imaging model.
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