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Abstract—We propose an unbiased estimate of a filtered
version of the mean squared error—the blur-SURE
(Stein’s unbiased risk estimate)—as a novel criterion for estimat-
ing an unknown point spread function (PSF) from the degraded
image only. The PSF is obtained by minimizing this new objective
functional over a family of Wiener processings. Based on this
estimated blur kernel, we then perform nonblind deconvolution
using our recently developed algorithm. The SURE-based frame-
work is exemplified with a number of parametric PSF, involving
a scaling factor that controls the blur size. A typical example of
such parametrization is the Gaussian kernel. The experimental
results demonstrate that minimizing the blur-SURE yields highly
accurate estimates of the PSF parameters, which also result in
a restoration quality that is very similar to the one obtained
with the exact PSF, when plugged into our recent multi-Wiener
SURE-LET deconvolution algorithm. The highly competitive
results obtained outline the great potential of developing more
powerful blind deconvolution algorithms based on SURE-like
estimates.

Index Terms—Parametric PSF estimation, SURE, blur-SURE,
Wiener filtering.

I. INTRODUCTION

S A STANDARD linear inverse problem, image decon-

volution has been an important image processing topic
for several decades [1]-[3]. In many real applications,
e.g., medical imaging [4], fluorescence microscopy [5], astro-
nomical imaging [6], remote sensing [7] and photography [8],
the point spread fucntion (PSF) may not be easily and accu-
rately obtained. Blind deconvolution amounts to estimating
both the original image and the PSF, given the observed data
only [9].

In order to address the ill-posedness of the problem,
a standard approach consists in enforcing certain regularity
conditions (possibly derived from Bayesian priors) on the
original image and the PSF, and in formulating the problem
as the optimization of a proper objective functional [10], [11].
Recent studies of the standard techniques can be found
in [8] and [12]-[15]. The interested reader may refer
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-Norm [11], [12]: Effective estimation of

smooth PSF like Gaussian blur;

- TV (Total Variation)-Norm [10], [14]: Suitable for motion
blur and out-of-focus blur;

- Sparsity Prior [8], [22]: Effective for camera shake and
motion blur.

B. Parametric PSF Estimation

In specific applications, the parametric forms of the
PSF can be either theoretically available or practically
assumed [23], [24]. In this context, the PSF is completely char-
acterized by a small number of parameters, which dramatically
reduces the degrees of freedom of PSF estimation [19], [25].
Typical examples of the parametric model can be found in
the applications of linear motion blur [26]-[28], fluorescence
microscopy [5], [19], [29], atmospheric turbulence [30], [31]
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the fast Fourier decrease of the Gaussian kernel. There are
also several local estimation methods based on edge-based
parametric representation [33], see [34]-[36] estimated the
Gaussian blur size by applying a steerable second derivative
of Gaussian operator and measuring the response of the
edge. However, the local-based methods are very sensitive to
the noise corruption: the edge localization and measurement
become less accurate under higher noise level. Note that
all the methods mentioned above were specifically designed
for certain blur types, which precludes a wider range of
degradation scenarios.

The regularization or Bayesian approach provides a general
framework for parametric PSF estimation, by substituting the
parametric form of PSF into the objective functional and per-
forming the optimization. In microscopy deconvolution, [19]
derived a maximum-likelihood-based method to estimate
the PSF parameters, based on a diffraction model proposed
in [37]. [29] performed the parametric estimation using
Richardson-Lucy algorithm with TV regularization, assuming
microscopy PSF as Gaussian function. In addition, there are
some empirical approaches to the problem. [31] estimated
the PSF parameters by kurtosis minimization of the restored
image. In the work of [38], the estimated PSF parameter
is selected to be at the maximum point of the differential
coefficients of restored image Laplacian 1-norm curve.
However, the empirical methods need to manually adjust
regularization parameter for restoration, and have no
guarantee on the accuracy of PSF estimation. Note the
work of [39], where the authors proposed GCV (generalized
cross validation) as a criterion of PSF estimation and
theoretically proved its validity. Unfortunately, the introduced
auto-regressive and moving average models complicated the
GCV minimization and brought about high computational
cost. Moreover, the GCV criterion has many local minima
in general. Hence, the minimization algorithm should be
carefully performed to guarantee the global minimum.

C. SURE-Based Approach

A statistical non-Bayesian approach based on the minimiza-
tion of Stein’s unbiased risk estimate (SURE) [40] has been
proposed for solving linear inverse problem under additive
Gaussian noise assumption. SURE, as an unbiased estimate of
the mean squared error (MSE), has been intensively used as a
criterion for signal restoration, e.g. image denoising [41]-[43]
and non-blind image deconvolution [21], [44]-[47]. The key
advantage of the SURE-based approach is that it does not
require any prior knowledge of the original image [42].

In the present paper, we further extend the
SURE-based approach to blind PSF parameter estimation.
More specifically, we propose a filtered version of the
SURE—"blur-SURE”—as a new criterion for PSF estimation.
To exemplify this framework, we consider the parametric
forms of PSF, which involve a scaling factor that controls the
blur size (refer to [14] and [23] for examples), and estimate
the factor from the degraded image only. A typical example
is the Gaussian function. Once the PSF is estimated, we carry
out our developed non-blind deconvolution algorithm [21].
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D. Paper Organization

Section Il proposes a novel criterion for PSF estimation:
the blur-MSE—a filtered version of the MSE—incorporating
a simple Wiener filtering. In Section IllI, we present the
blur-SURE—an unbiased estimate of the blur-MSE defined
in Section Il, and formulate the PSF estimation as a
blur-SURE  minimization. Section IV exemplifies the
blur-SURE framework with several types of PSF, and
proposes an efficient minimization algorithm. Section V
reports and discusses the experimental results.

Throughout this paper, we use boldface lowercase let-
ters, e.g. x RN, to denote N-dimensional real vectors,
where N is typically the number of pixels in an image. The
n-th element of x is written as x,. The linear (matrices) and
non-linear transformations RN . RM are denoted by boldface
uppercase letters, e.g. H CRM*N, HT CRN*M denotes
the transpose of matrix H. Also note that we use the sub-
script (+)o to denote the true (“ground truth™) quantity of (-);
for example, matrix Hg is the true quantity of H.

Il. THE BLUR-MSE AND ITS OPTIMIZATION
A. Problem Satement
Consider the linear model

y = Hpx + b, (D)

where y CIRN s the observed data of the original (unknown)
x [N, the ground truth (unknown) matrix Ho denotes a
linear distortion, the vector b RN is a zero-mean additive
Gaussian noise corruption with covariance matrix C [Q1Our
purpose is to estimate the matrix Hp, such that the estimated
H is as close to the true Hp as possible, from the observed
data y only.

The original signal x will be considered deterministic
in most of the paper, with the sole exception of
Section I1-C (and the related proof in Appendix), where it
will be nevertheless independent of the noise b. This will be
outlined in the notation of the mathematical expectation: Ep{-},
Ex{-} or Exp{-} indicate expectation over noise realizations,
signal realizations, or both.

B. Blur-MSE: An Oracle Criterion for the Estimation of H

Denoting a function (or processing) by £ : RN — RN,
applied to the observed data y, the MSE that results from this
processing (assumed to provide an estimate of x) is defined
as [41], [42], [44], [46]:

1
MSE = “Ep f(y) —x 2 )

Instead of the standard MSE, we consider the following
“blurred” (filtered) version:

1
blur-MSE = —Ey  Hf(y) — Hox 2 3)

as an oracle criterion for estimating H. We call this objective
functional blur-MSE, since it measures the difference between
two distorted (blurred) data: Hf(y) and Hpx. Assuming Hox
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is known, we formulate the estimation &f as the following match |3 (w, O)f = [Ho(, 0)] - mismatch [H(wy, O) 2 [Hoor, O mismatch |H (g, 0)1 # |Ho(us,0)
minimization problem:

1 - 2
min Hf S Hox
in - Hf(Y) S Ho
where the subscripH in fy emphasizes the dependence:
of the processingf on the matrix H. Particularly, in
the context of deconvolution, the processifigcould be _ , .

_blind deconvolution l@orithms (e multi-Wiener _Flg. 1. Behaviour of the line = (_1,0) of th_e_band—lndlcatorU_()

any non goritnr -g. : in (6): correct{ H( 1,0)] =| Ho( 1, 0)| yields the minimum blur-MSE in (5)
SURE-LET [21] or BM3D [48] algorithm), depending on theexample:Cameramarblurred by Gaussian kernel).
matrix H. Experimentally, we found that given the process-
ing fy, the blur-MSE minimizatia yields a highly accurate

estimate ofHo. power spectral densities of sigmaland noiseb, respectively.
However, since the ‘arbitrary’ processirig can be very Thus, the blur-MSE minimization (5) yields that, for all

complicated, our approachp tbe described below, is to [S , ]?

restrict f to a subclass of processings—typically, Wiener H ()

lterings—that also depend ord, and then minimize this H() - )

blur-MSE (actually, an estimate of this blur-MSE) ovr H() "+ C() A()

In this simpli ed setting, we will be able to demonstrate the uQ)

link between the result of this minimization and the ground Ho ()

truth PSF. = Ho() - , 0 (6)

Ho() “+ C()/ A()

C. The Blur-MSE Minimization With Exact Wiener Filtering Uo()
In this Section onlyx will be assumed to be random, within the frequency domain, which is equivalent to

covariance matrixA = Ex{xx}. Let us consider the linear |H() |=|Ho() | forall [S , ]2

processing denoted bify) = Wy, where the notatioWy This corollary is easily proved by the fact that under the

emphasizes that the math¥ is related taH. It is well-known assumptions of convolution operation and stationary process,
that for the linear model (1) with the known matrkk, the all the matrices involved in the blur-MSE can be diagonalized
ideal linear processin@/y that minimizes the MSE averagedby the discrete 2D Fourier transformation.

over realizations of the signaiy ,%,Eb Why S x 2 | is Let us calU() = H() Wu() in (6) a frequency-

Wiener ltering, expressed as [2]: band indicatoror band indicatorfor short! as it marks a
T T 81 certain frequency band as 0 or 1 with a narrow transition

Wh=AH' HAH' +C (4)  between the two values (see Fig. 1 for exampbeyollary 2.1

in matrix notation, where the covariance matrix of the nois‘c’et"’lteS that. (1) the blur-MSE minimization is essentially

is C = Ex{bbT}. Now, if we base our processing onequivalent to matching the frequency band in_dicamir)_
Wiener ltering (4), then the following theorem shows tha{0 the ground trUthU.O() ; (2) the blur-MSE minimization
the solutionH that minimizes the blur-MSE (3) is related inresults in the magnitudes of the frequency responses alone

Sy 101 i
Theorem 2.1:Consider only linear processings of the formWhose hase variations are not linked to arg Iitud{: va?iations
f(y) = WRy, whereWy is de ned as (4). Minimizing with phas Y P
respect toH the averaged blur-MSE: (t_he same is true for GCV crlterlon [39]). Hence,_we con-
sider only zero-phase blur models in this paper. Since many
real-life blurs—linear motion, out-of-focus, and atmospheric
turbulence blurs—have zero phase, this assumption is rather
unrestrictive [39].
To exemplify this corollary, Fig. 1 shows the band-indicator
matching as in (6), when the imag@ameraman(shown
in Fig. 8) is blurred by Gaussian kernel. For the sake of
glarity, we have chosen to show only one line= ( 1,0)
of the band-indicator. We can see that the minimum blur-
MSE is reached when the two bamdicators match perfectly;

1 .
minEc Bo HWuyS Hox * 5)

yieldsHAH T = HoAH[.

See Appendix A for a proof. Note thatheorem 2.1is
valid for any linear distortiorH, not limited to convolution
operation. In the case of convolution, we obtain the followin
corollary, as a Fourier description dheorem 2.1

Corollary 2.1: WhenH is a convolution matrix, and when

both the signalx and the noiseb are stationary, the . _ ; ; —
. . . | i.,e., U() = Uog() , and the derived equalityH() | =
Wiener Itering Wy de ned as (4) can be rewritten as: IHo() | holds. If[H() | = | Ho() |, the corresponding band-
Wi _ H () indicatorU() does not match the exadip() well, and the
H() = [H() |2+ C() A() blur-MSE is not minimized.
using the Fourier variable = ( 1, 2). Here, H() IS 1gegarding the terminology &3() , refer to [4], where the authors named

the Fourier representation dfi, A() and C() are the U() ascombined response
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TABLE Il
ESTIMATION OF THE SCALING FACTORS OF A NON-GAUSSIANPSF

true so so =1.0 so = 2.0 so = 3.0
BSNR (in dB) 40 [ 30 | 20 | 10 40 [ 30 [ 20 [ 10 40 | 30 | 20 | 10
blur type Jjinc function (14)

blur-SURE 1.00 | 1.01 | 1.04 | 1.02 1.98 | 2.02 | 2.05 | 2.00 3.01 | 3.04 | 3.06 | 3.10

Cameraman  \—pr e T.00 [ 1.00 | 1.04 | 110 |[ 200 | 2.00 | 205 | 2.06 || 2.95 | 3.02 | 3.04 | 3.12

Mol blur-SURE || 1.00 | 1.00 | 0.99 | 0.94 || 2.00 | 200 | 1.96 | 1.96 || 3.00 | 3.01 | 2.99 | 3.01

Blur-MSE || 1.00 | 1.00 | 0.99 | 0.92 |[ 1.99 | 2.00 | 1.98 | 1.95 || 3.00 | 3.0 | 3.0 | 2.98

. blur-SURE || 1.00 | 1.01 | 1.03 | 1.03 || 2.00 | 2.00 | 2.00 | 2.00 || 3.00 | 3.00 | 298 | 3.04
California

blur-MSE 1.00 | 1.01 | 1.03 | 1.07 || 2.00 | 2.01 | 2.00 | 2.00 3.00 | 3.00 | 3.01 | 3.02

blur type anisotropic Gaussian PSF (15)
blur-SURE 1.04 | 1.06 | 1.06 | 1.07 1.97 | 2.08 | 2.02 | 1.98 313 | 291 | 295 | 295

Cameraman  —pp o704 T 1.05 | 1.03 | 1.3 [ 1.97 | 2.06 | 2.06 | 2.09 [ 3.0 | 3.07 | 3.03 | 3.15
Mendril blur-SURE || 0.99 | 0.95 | 0.95 | 0.95 || 2.03 | 1.99 | 1.95 | 1.92 || 2.93 | 2.87 | 2.83 | 2.81
Blur-MSE || 0.99 | 0.95 | 0.95 | 0.95 || 2.02 | 1.98 | 1.95 | 1.93 || 2.93 | 2.87 | 2.93 | 2.54

California blurSURE || 1.01 | 1.07 | 1.07 | 1.07 || 2.02 | 2.06 | 2.10 | 2.02 || 3.01 | 3.03 | 3.07 | 2.99
Blur-MSE || 1.03 | 1.07 | 1.07 | 1.07 || 2.02 | 2.06 | 2.0 | 1.98 || 3.07 | 3.09 | 3.03 | 2.95

TABLE 11l
BLIND DECONVOLUTION: GAUSSIANPSF WITH STANDARD DEVIATION S = 2.0
BSNR ndB) | 40 | 30 [ 20 | 10 [ 4 [ 30 [ 20 | 10 [ 4 [ 30 [ 20 [ 10
Image Cameraman 256 x 256 Lena 256 x 256 House 256 x 256

APEX-SECB [24] 25.60 24.72 23.78 22.41 29.54 28.65 27.35 25.56 30.70 29.97 28.84 26.72

SeD- [54]+[55] 23.15 23.00 22.26 19.79 26.69 26.37 25.25 22.43 27.84 27.57 26.37 23.10
DaRA [“oracle [56] 24.47 23.00 21.86 20.72 28.59 26.97 25.54 24.01 30.23 28.63 27.23 25.66

BR mode 22.54 23.74 22.96 21.71 25.52 27.15 26.29 24.71 26.78 29.30 27.99 25.84

[t BD mode 23.86 23.39 22.38 17.85 27.04 26.76 25.77 21.87 26.78 28.60 27.04 21.23
MIA [57] 22.79 22.68 22.15 19.72 25.86 25.73 25.08 22.36 27.16 27.01 26.21 23.01
AMIA [58] 23.30 23.08 22.15 19.72 26.53 26.26 25.09 22.36 27.89 27.54 26.22 23.01

blur-SURE + [21] 26.30 25.40 24.45 23.16 30.51 29.47 27.97 26.39 31.81 31.03 29.79 28.15
Image Bridge 512 x 512 Mandrill 512 x 512 California 512 x 512
APEX-SECB [24] 25.59 24.84 23.95 22.61 23.27 22.64 22.00 21.17 20.37 21.65 21.84 21.03

SeD- [54]+[55] 23.39 23.27 22.67 20.53 21.56 21.48 21.17 20.22 21.72 21.58 20.98 19.25
DaRA [“oracle [56] 24.52 23.17 22.10 21.05 22.65 21.26 20.21 19.42 23.38 21.85 20.63 19.46

(1] BR mode 22.86 23.67 23.02 21.74 21.14 21.59 21.23 20.56 20.99 21.92 21.26 19.95
BD mode 22.86 23.37 22.64 18.08 21.14 21.46 21.07 19.26 20.99 21.60 20.89 17.22

MIA [57] 23.10 23.02 22.57 20.51 21.29 21.26 21.07 20.22 21.24 21.18 20.81 19.24
AMIA [58] 23.47 23.41 22.65 20.51 21.52 21.50 21.15 20.22 21.65 21.60 20.94 19.24
blur-SURE + [21] 26.10 25.29 24.34 23.12 23.56 22.85 22.10 21.29 24.80 23.88 22.77 21.40

€ The work of [11] Non-Parametri§: It has two variants, see that our novel PSF estimation method is the source a blind
depending on the assumptions of the distributions of origeconvolution algorithm that achieves similar visual quality as
inal image and PSF: BR (bothatributions are random) the non-blind algorithm [21].
and BD (both distributions ardegenerate). We use the Table IV shows the comparison of computational times.
parameters as recommended in [11]. We can see that the proposed approach is substantially faster
€ MIA [57] and AMIA [58] Algorithms (Non-Parametrig: than all the other blind deconvolution methods.
Two multiplicative iterative algorithms.

Note that in this paper, the blur-SURE approach is mainfy Blind Deconvolution of Real Images
exempli ed with atmospheric/optical blurring, which are fre- In our last set of experiments, the method is applied to two
guently encountered in microscopy, remote sensing and or¢al observed imagedext captured by a digital camera and
of-focus imaging. For this reason, we do not includetion Jupiter captured by a telescope.
deblurring algorithms (see [8], [22], [59]-[63]) in our com- Text Image TextThree images with different focal lengths
parisons, because their results would be poor when applieditaninance shown in Fig. 18) were captured by a dig-
these PSF. ital camera. We used the Gaussian assumption to mod-
From Table IIl, we observe that our proposed methoglize the out-of-focus blur (in agreement with [64]), and
outperforms the other methods substantially. Figs. 16—17 shoempared our results with the algorithms of [11]. The
two visual comparisons between the existing methods. We damproved legibility of our result is obvious, even in the



XUE AND BLU: NOVEL SURE-BASED CRITERION FOR PARAMETRIC PSF ESTIMATION 605

TABLE IV
COMPARISON OF COMPUTATIONAL TIMES FOR VARIOUS BLIND
DECONVOLUTION TECHNIQUES (SECONDS) ™

Deeradation scenario H APEX-SECB SeDDaRA ‘ [11] MIA AMIA blur-SURE ‘
° i [24] [54] BR mode [57] [58] +21]
Cameraman 256 x 256
Gaussian, sg = 2.0 2.18 4.01 5.63 3.15 6.98 L1
BSNR=40dB
California 512 x 512
Gaussian, so = 1.0 6.13 19.67 18.82 12.50 13.61 3.71
BSNR=20dB

* Hardware environment used — Processor: 2.4GHz Intel Core i7; Memory:
8GB 1600MHz DDR3.

case of substantial blurring, although artifacts start being
important.

Astronomical Image Jupiter: There is no exact expres-
sion for the PSF of this image; however, as suggested
in [6], [7], [11], and [14], the PSF can again be well approxi-
mated by Gaussian function. Fig. 19 shows the restored images
by various state-of-the-art methods. We can easily see that our
proposed approach yields a higher visual quality.

V1. CONCLUSION

In this paper, we proposed a parametric PSF estima-
tion method based on a new criterion—the “blur-SURE”.
We have shown that in conjunction with Wiener filtering,
the minimization of the blur-SURE yields highly accurate
PSF estimations. The blur-SURE framework is exemplified
by several parametric forms of PSF. For fast implementation,
we also proposed an efficient algorithm for performing the
blur-SURE minimization.

The results obtained show that, pipelining this novel
PSF estimation method with our non-blind multi-Wiener
SURE-LET deconvolution algorithm, results in a blind
deconvolution algorithm which outperforms other approaches
numerically, visually, and in terms of computational efficiency.
The examples of blur kernels listed in this paper are only
a small subset of possible models. It is worth emphasizing
that the blur-SURE minimization itself does not specify any
particular parametric form for the PSF.

In addition, it should be noted that the blur-SURE cri-
terion is not limited to 2D signals: it can be extended
painlessly to 3D (or any other dimension). It is not limited
either to additive Gaussian noise: the blur-SURE expres-
sion can also be adapted to any noise type for which an
unbiased risk estimate can be devised [65], [66]. Hence,
despite its apparent phase limitation, we believe that this
criterion has a huge potential in the development of spe-
cific algorithms for various applications; e.g. fluorescence
microscopy [19], [29], [67].

APPENDIX A
PROOF OF THEOREM 2.1

Proof:  First, consider the minimization of the signal-
averaged blur-MSE over all possible linear processings U:

1 2
m[I]I’I NEX'b Uy — Hox (16)

Replacing y by Hox + b as (1), the signal-averaged blur-MSE
becomes:

1 2
NEX'b Uy — Hox

1
- NEx,b

Ex{blur-MSE}
U(Hox + b) — Hox 2

1
= <Exp (U—DHox+Ub 2

1 2 1 2
= B (U-DHox ° + 6 Ub
1
=5 (U= DHoAHJ(U—1)T

1
+ T ucu’ (17)
where Tr denotes matrix trace, I is identity matrix, the
covariance matrices are A = Ey{xx'} and C = Ep{bb'}.
Thus, the minimization over U yields that (U — I)HOAHOT +
UC = 0, which implies that:

U = HoAH] HoAH] +C

(18)
Considering (3), if we base our processing fg on
Wiener filtering Wg as (4), the blur-MSE minimization
over H becomes:
min —E., HWgy — Hox 2 (19)
N x,b HY 0X .
Compare the two minimization problems: (16) and (19).
Obviously, we have:

1 2 o1 2
mHln NEx’b HWpy — Hox Zmdn NEX’b Uy — Hox
(20)

Considering the left-hand side, from (4), we obtains:
HWy = HAHT HAHT + C ~*. Hence, if H = Hy, then,
from (18), we obtain:

1
NEX,b

1
HoWy,y — Hox 2 = ml}n NEX'b Uy — Hox 2
This implies that HWx = HoWHh, is a minimizer to the
problem (19), i.e.,

.1 1
m&n NEX'b HWpnzy—Hpx 2 :NEX'b HoWgy,y—Hox 2

which also indicates that the equality sign holds for the
inequality (20).

Finally, from HWnx = HoWH,, we conclude that any filter
H such that

1 1

HAH' HAH" + C ~~ = HpAH] HoAH] +C ~

minimizes the problem (19). It yields that HAHT = HoAH_,
which completes the proof. [ |

APPENDIX B
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